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Introdution
The study of the behaviour of the hadroni interations at olliders is a fasinating subjet and a
speialized eld of researh that is essential in order to widen our knowledge on the fundamental
onstituents of matter.
Elementary partile physis, needless to say, is both a theoretial and an experimental siene,
and requires a ontinuous interplay between the two approahes. Therefore it is important, from
this viewpoint, to develope, from the theorist's side, theoretial tools and strategies that an be
used by the experimental ommunity, and this requires onsiderable eort.
This requires the investigation of spei proesses whih an be tested by experiments,
developing formalism that an be used for further theoretial elaborations, but this also points
toward the need to develope software that an help the experimental ollaborations to proeed
with their omplex phenomenologial analysis.
This thesis is the result of this philosophy, and ollets several appliations of Quantum
Chromodynamis, the aepted theory of the strong interations, to hadron olliders both at high
and intermediate energies, and on the study of a spei proess, termed by us deeply virtual
neutrino sattering, where we generalize the formalism of deeply virtual Compton sattering to
neutral urrents. The proess is potentially relevant for neutrino detetion at neutrino fatories.
This dissertation is omposed of two parts. In the rst setion we fous our attention on
the study of the initial state saling violations and the evolution of the unpolarized parton
distributions through Next-to-Next to Leading Order (NNLO) in αs, the strong oupling, suitable
for preision studies of the parton model at the LHC. Speially, we will analize the methods
available to solve the equations and develope the theory that underlines a new proposed method
whih is shown to be highly aurate through NNLO. The theoretial analysis is aompanied
by the developement of professional software partly doumented in this thesis.
The motivations of this study are in the need to ompare traditional strategies in the solutions
of the DGLAP equations with an independent theoretial approah whih allows to reorganize
all the saling violations at a xed perturbative order in terms of logarithms of the oupling
onstant times some sale invariant funtions, introdued via fatorization.
We reall that high energy ollisions an be well understood by the use of the fatorization
theorems, whih allow to separate the perturbative information ontained in the hard satter-
ings of a given proess from the non-perturbative information whih is ontained in the parton
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distribution funtions. These tell us what is the probability density for nding a given parton
with a fration x of the total initial momentum of the inoming hadron at an energy Q, and
have a formal denition as light-one orrelation funtions.
The knowledge of the PDFs with higher and higher auray is an important task for future
experiments, for the orret interpretation of the experimental data at the LHC, but they are
also essential for a better desription of the internal struture of the hadrons.
In the rst hapter of the thesis we disuss the solutions of the NNLO DGLAP equations using
x-spae methods and for this purpose we show how our approah allows to obtained aurate
and exat solutions of the evolution equations for the pdf's using an analytial ansatz. We have
applied the formal developements ontained in this analysis is a numerial program, XSIEVE
written in ollaboration with A. Cafarella and C. Corianò that has been used for preision studies
of two spei proesses at hadron olliders.
The rst appliation has been in the NLO study of the double spin asymmetries in DY proton-
antiproton ollisions, near the kinematial region of the J/ψ resonane. This study, relevant for
the proposed PAX experiment on the measurement of the transverse spin distribution, is analized
in detail. We present result for the asymmetries of the proess and elaborate on their possible
measurements in the near future. A seond appliation that we disuss is the study of the total
ross setion for Higgs prodution at the Tevatron and at the LHC, fousing in partiular on the
renormalization/fatorization sale dependene of the preditions. While in other appliations
presented in the previous literature this study has been more limited, we perform a numerial
analysis of the stability of the preditions on a large range of variability. These studies have been
performed on a luster.
The seond setion of the thesis will be based on appliations of perturbative QCD to exlusive
proesses at intermediate energy in presene of weak interations.
In partiular we will analyse some theoretial aspets of the Generalized Parton Distribution
funtions (GPDs) whih are the natural generalization of the PDFs when perturbative QCD is
applied to exlusive reations at intermediate energies. We introdue the notion of eletroweak
GPD's and develope the relevant formalism. Then, we will develope a phenomenologial analysis
of the neutrino-nuleon reation mediated by a Z0 boson exhange and we will alulate the
leading twist amplitudes for the harged urrent interation as well, involving W± bosons.
The Relevane of the Perturbative QCD to the Preision Studies of the Physis
at LHC: Motivations
Preision studies of some hadroni proesses in the perturbative regime are going to be very
important in order to onrm the validity of the mehanism of mass generation in the Standard
Model at the new ollider, the LHC. This program involves a rather omplex analysis of the QCD
bakground, with the orresponding radiative orretions taken into aount to higher orders.
Studies of these orretions for spei proesses have been performed by various groups, at a level
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of auray whih has reahed the next-to-next-to-leading order (NNLO) in αs, the QCD oupling
onstant. The quantiation of the impat of these orretions requires the determination of the
hard sattering of the partoni ross setions up to order α3s, with the matrix of the anomalous
dimensions of the DGLAP kernels determined at the same perturbative order.
The study of the evolution of the parton distributions may inlude both a NNLO analysis
and, possibly, a resummation of the large logs whih may appear in ertain kinemati regions
of spei proesses [1℄. The questions that we address in this thesis onern the types of
approximations whih are involved when we try to solve the DGLAP equations to higher orders
and the dierenes among the various methods proposed for their solution.
The lariation of these issues is important, sine a hosen method has a diret impat
on the struture of the evolution odes and on their phenomenologial preditions. We address
these questions by going over a disussions of these methods and, in partiular, we ompare
those based in Mellin spae and the analogous ones based in x-spae. Mellin methods have been
the most popular and have been implemented up to NLO and, very reently, also at NNLO [2℄.
We remark that x-spae methods based on logarithmi expansions have never been thoroughly
justied in the previous literature even at NLO, in the ase of the QCD parton distributions
(pdf's) [3, 4, 5℄.
We ll this gap and present exat proofs of the equivalene of these methods - in the ase of
the evolution of the QCD pdf's - extending a proof whih had been outlined by Rossi [6℄ at LO
and by Da Luz Vieira and Storrow [7℄ at NLO in their study of the parton distributions of the
photon.
In more reent times, these studies on the pdf's of the photon have triggered similar studies
also for the QCD pdf's. The result of these eorts was the proposal of new expansions for the
quark and gluon parton distributions [3, 4, 5℄ whih had to apture the logarithmi behaviour
of the solution up to NLO. Evidene of the onsisteny of the ansatz was, in part, based on a
omparative study of the generi strutures of the logarithms that appear in the solution using
Mellin moments, sine the same logarithms of the oupling ould be reobtained by reursion
relations.
In this thesis we are going to larify - using the exat solutions of the orresponding reursion
relations - the role of these previous expansions and present their generalizations. In partiular
we will show that they an be extended to retain higher logarithmi orretions and how they
an be made exat. It is shown that by a suitable extension of this analysis, all that has been
known so far in moment spae an be reobtained diretly from x-spae. In the photon ase the
Da Luz Vieira-Storrow solution [7℄ an be now understood simply as a rst trunated ansatz of
the general trunated solutions that we analize.
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Appliations of the Perturbative Tehnique to the Neutrino Physis Regime
There is no doubt that the study of neutrino masses and of avour mixing in the leptoni
setor will play a ruial role for unovering new physis beyond the Standard Model and to
test Uniation. In fat, the reent disovery of neutrino osillations in atmospheri and solar
neutrinos (see [8℄ for an overview) has raised the puzzle of the origin of the mass hierarhy among
the various neutrino avours, a mystery whih, at the moment, remains unsolved. The study
of the mixing among the leptons also raises the possibility of deteting possible soures of CP
violation in this setor as well. It seems then obvious that the study of these aspets of avour
physis requires the exploration of a new energy range for neutrino prodution and detetion
beyond the one whih is aessible at this time.
For this purpose, several proposals have been presented reently for neutrino fatories, where
a beam, primarily made of muon neutrinos produed at an aelerator faility, is direted to a
large volume loated several hundreds kilometers away at a seond faility. The goal of these
experimental eorts is to unover various possible patterns of mixings among avours - using the
large distane between the points at whih neutrinos are produed and deteted - in order to study
in a more detailed and artiial way the phenomenon of osillations. Deteting neutrinos at
this higher energies is an aspet that deserves speial attention sine several of these experimental
proposals [9, 10, 11℄ require a nominal energy of the neutrino beam in the few GeV region. We
reall that the inoming neutrino beam, sattering o deuteron or other heavier targets at the
detetor faility, has an energy whih overs, in the various proposals, both the resonant, the
quasi-elasti (in the GeV range) and the deep inelasti region (DIS) at higher energy. In the
past, neutrino sattering on nuleons has been observed over a wide interval of energy, ranging
from few MeV up to 100 GeV, and these studies have been of signiant help for unovering
the struture of the fundamental interations in the Standard Model. Generally, one envisions
ontributions to the sattering ross setion either in the low energy region, suh as in neutrino-
nuleon elasti sattering, or in the deep inelasti sattering (DIS) region. Reent developments
in perturbative QCD have emphasized that exlusive (see [12℄) and inlusive proesses an be
unied under a general treatment using a fatorization approah in a generalized kinematial
domain. The study of this domain, termed deeply virtual Compton sattering, or DVCS, is an
area of investigation of wide theoretial interest, with experiments planned in the next few years
at JLAB and at DESY. The key onstruts of the DVCS domain are the non-forward parton
distributions, where the term non-forward is there to indiate the asymmetry between the initial
and nal state typial of a true Compton proess, in this ase appearing not through unitarity,
suh as in DIS, but at amplitude level.
Chapter 1
The Logarithmi Expansions and Exat
Solutions of the DGLAP Equations
from x-Spae
1.1 New Algorithms for Preision Studies at the LHC
The hapter is organized as follows. After dening the onventions, we bring in a simple example
that shows how a non-singlet LO solution of the DGLAP is obtained by an x-spae ansatz. Then
we move to NLO and introdue the notion of trunated logarithmi solutions at this order,
moving afterwards to dene exat reursive solutions from x-spae. In all these ases, we show
that these solutions ontain exatly the same information of those obtained in Mellin spae,
to whih they turn out to be equivalent. The same analysis is then extended to NNLO. The
approah lays at the foundation of a numerial method -based on x-spae - that solves the NNLO
DGLAP with great auray down to very small-x (10−5). The method, therefore, not only does
not suer from the usual well known inauray of x-spae based approahes at small-x values
[13℄, but is, a omplementary way to look at the evolution of the pdf's in an extremely simple
fashion. We onlude with some omments onerning the timely issue of dening benhmarks
for the evolution of the pdf's, obtained by omparing solutions extrated by Mellin methods
against those derived from our approah, in partiular for those solutions whih retain auray
of a given order in αs (O(αs) aurate solutions), relevant for preise determination of ertain
NNLO observables at the LHC.
1.2 Denitions and onventions
Before we start the analysis it is onvenient to dene here the notations and onventions that
we will use in the rest of the thesis.
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We introdue the 3-loop evolution of the oupling via its β-funtion
β(αs) ≡ ∂αs(Q
2)
∂ logQ2
, (1.1)
and its three-loop expansion is
β(αs) = −β0
4π
α2s −
β1
16π2
α3s −
β2
64π3
α4s +O(α
5
s), (1.2)
where
β0 =
11
3
NC − 4
3
Tf ,
β1 =
34
3
N2C −
10
3
NCnf − 2CFnf ,
β2 =
2857
54
N3C + 2C
2
FTf −
205
9
CFNCTf − 1415
27
N2CTf +
44
9
CFT
2
f +
158
27
NCT
2
f ,
(1.3)
are the oeients of the beta funtion. In partiular, β2 [14, 15℄ and β3 [16℄ are in the MS
sheme. We have set
NC = 3, CF =
N2C − 1
2NC
=
4
3
, Tf = TRnf =
1
2
nf , (1.4)
where NC is the number of olors, nf is the number of ative avors, that is xed by the number
of quarks with mq ≤ Q. One an obtain either an exat or an aurate (trunated) solution of
this equation. An exat solution inludes higher order eets in αs, while a trunated solution
retains ontributions only up to a given (xed) order in a ertain expansion parameter. The
struture of the NLO exat solution of the RGE for the oupling is well known and relates
αs(µ
2
1) in terms of αs(µ
2
2) via an impliit solution
1
as(µ21)
=
1
as(µ22)
+ β0 ln
(
µ21
µ22
)
− b1 ln
{
as(µ
2
1) [1 + b1as(µ
2
2)]
as(µ22) [1 + b1as(µ
2
1)]
}
, (1.5)
where as(µ
2) = αs(µ
2)/(4π). The trunated solution is obtained by expanding up to a given
order in a small variable
αs(µ
2
1) = αs(µ
2
2)−
[
α2s(µ
2
2)
4π
+
α3s(µ
2
2)
(4π)2
(−β20L2 + β1L)
]
, (1.6)
where the µ21 dependene is shifted into the fator L = ln(µ
2
1/µ
2
2), and we have used a β-funtion
expanded up to NLO, involving β0 and β1. Exat solutions of the RGE for the running oupling
are not available (analytially) beyond NLO, while they an be obtained numerially. Trunated
solutions instead an be obtained quite easily, for instane expanding in terms of the logarithm
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of a spei sale (Λ)
αs(Q
2) =
4π
β0LΛ
{
1− β1
β20
logLΛ
LΛ
+
1
β30L
2
Λ
[
β21
β0
(
log2 LΛ − logLΛ − 1
)
+ β2
]
+O
(
1
L3Λ
)}
, (1.7)
where
LΛ = log
Q2
Λ2
MS
, (1.8)
and where Λ
(nf )
MS
is alulated using the known value of αs(mZ) and imposing the ontinuity
of αs at the thresholds identied by the quark masses.
1.3 General Issues
For an integro-dierential equation of DGLAP type, whih is dened in a perturbative fashion,
the kernel P (x) is known perturbatively up to the rst few orders in αs, approximations whih
are ommonly known as LO, NLO, NNLO [17℄.
The equation is of the form
∂f(x,Q2)
∂ lnQ2
= P (x,Q2)⊗ f(x,Q2), (1.9)
with
a(x)⊗ b(x) ≡
∫ 1
0
dy
y
a(y)b(x/y), (1.10)
and the expansion of the kernel at LO, for instane, is given by
P (x,Q2)
LO
=
(
αs(Q
2)
2π
)
P (0)(x). (1.11)
In the ase of QCD one equation is salar, termed non-singlet, the other equation involves 2-by-2
matries, the singlet. In other ases, for instane in supersymmetri QCD, both the singlet and
the non-singlet equations have a matrix struture [18℄. Exept for the LO ase, exat analyti
solutions of the singlet equations are not known. However, various methods are available in order
to obtain a numerial solution with a good auray. These methods are of two types: brute
fore approahes based in x-spae and those based on the inversion of the Mellin moments.
A brute fore method involves a numerial solution of the PDE based on nite dierenes
shemes. One an easily nd a stability sheme in whih the dierential operator on the left-
hand-side of the equation gets replaed by its nite dierene expression. This method has the
advantage that it allows to obtain the so alled exat solution of the equation at a given order
(LO, NLO, NNLO). The only approximation involved in this numerial solution omes from the
perturbative expansion of the kernels. Solutions of this type are not aurate to the working
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order of the expansion of the kernels, sine they retain higher order terms in αs.
1
A short-ome
of brute fore methods is the lak of an ansatz for the solution, whih ould instead be quite
useful in order to understand the role of the retained perturbative logarithms. The use of Mellin
inversion allows to extrat, in the non singlet ase, the exat solution quite immediately up to
NNLO.
The Mellin moments are dened as
a(N) =
∫ 1
0
a(x)xN−1dx (1.12)
and the basi advantage of working in moment spae is to redue the onvolution produt ⊗ into
an ordinary produt. For instane, at leading order we obtain the LO DGLAP equation (1.9) in
moment spae
∂f(N,αs)
∂αs
= −
(
αs
2π
)
P (0)(N)
β0
4πα
2
s
f(N,αs), (1.13)
whih is solved by
f(N,αs) = f(N,α0)
(
αs
α0
)− 2P (0)(N)
β0
= f(N,α0) exp
{
−2P
(0)(N)
β0
log
(
αs
α0
)}
, (1.14)
where we have used the notation α ≡ α(Q2) and α0 ≡ α(Q20). At this point, to ontrut the
solution in x-spae, we need to perform a numerial inversion of the moments, following a ontour
in the omplex plane. This method is widely used in the numerial onstrution of the solutions
and various optimization of this tehnique have been proposed [23℄. We will show below how one
an nd solutions of any desired auray by using a set of reursion relations without the need
of using numerial inversion of the Mellin moments.
1.3.1 The logarithmi ansatz in LO
To illustrate how the logarithmi expansion works and why it an reprodue the same solutions
obtained from moment spae, it is onvenient, for simpliity, to work at LO. We try, in the
ansatz, to organize the logarithmi behaviour of the solution in terms of αs and its logarithmi
powers, times some sale-invariant funtions An(x), whih depend only on Bjorken x. As we are
going to see, this re-arrangement of the sale dependent terms is rather general for evolution
equations in QCD. The number of the sale-invariant funtions An is atually innite, and they
are obtained reursively from a given initial ondition.
The expansion that summarizes the logarithmi behaviour of the solution at LO is hosen of
1
It is ommon, however, to refer to these solutions as to the exat ones, though they have no better status
than the aurate (trunated) ones. In priniple, large anelations between ontributions of higher order in the
perturbative expansion of the kernels beyond NNLO, whih are not available, and the known ontributions, ould
take plae at higher orders and this possibility remains unaounted for in these exat solution. The term
exat, though being a misnomer, is however wide spread in the ontext of perturbative appliations and for this
reason we will use it throughout our work.
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the form
f(x,Q2)
LO
=
∞∑
n=0
An(x)
n!
[
ln
(
αs(Q
2)
αs(Q20)
)]n
. (1.15)
To determine An(x) for every n we introdue the simplied notation
L ≡ log αs(Q
2)
αs(Q20)
, (1.16)
and insert our ansatz (1.15) into the DGLAP equation together with the LO expansion of the
β-funtion to get
−
∞∑
n=0
An+1
n!
Ln
β0
4π
αs =
∞∑
n=0
Ln
n!
αs
2π
P (0) ⊗An. (1.17)
Equating term by term in powers of L we nd the reursion relation
An+1 = − 2
β0
P (0) ⊗An. (1.18)
At this point we need to show that these reursion relations an be solved in terms of some initial
ondition and that they reprodue the exat LO solution in moment spae. This an be done
by taking Mellin moments of the reursion relations and solving the hain of these relations in
terms of the initial ondition A0(x). At LO the solution of (1.18) in moment spae is simply
given by
An(N) =
(
− 2
β0
P (0)
)n
q(N,αs(Q
2
0)), (1.19)
having imposed the initial ondition A0 = q(x, αs(Q
2
0)). At this point we plug in this solution
into (1.15) to obtain
f(N,Q2) =
∞∑
n=0
An(N)
n!
logn
αs(Q
2)
αs(Q20)
, (1.20)
whih learly oinides with (1.14), after a simple expansion of the latter
f(N,αs) = f(N,α0)
∞∑
n=0
{
1
n!
[
−2P
(0)(N)
β0
]n
logn
(
αs
α0
)}
. (1.21)
Notie that this non-singlet solution is an exat one. In the singlet ase the same approah will
sueed at the same order and there is no need to introdue trunated solution at this order. As
expeted, however, things will get more involved at higher orders, espeially in the singlet ase.
The strategy that we follow in order to onstrut solutions of the DGLAP equations is all
ontained in this trivial example, and we an summarize our systemati searh of logarithmi
solutions at any order as follows: we
1) dene the logarithmi ansatz up to a ertain perturbative order and we insert it into the
DGLAP equation, appropriately expanded at that order;
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2) derive reurreny relations for the sale invariant oeients of the expansion;
3) take the Mellin moments of the reurreny relations and solve them in terms of the moments
of the initial onditions;
4) we show, nally, that the solution of the reursion relations, so obtained, is exatly the
solution of the original evolution equation rstly given in moment spae. This approah is
suient to solve all the equations at any desired order of auray in the strong oupling, as
we are going to show in the following setions. Ultimately, the suess of the logarithmi ansatz
lays on the fat that the solution of the DGLAP equations in QCD resums only logarithms of
the oupling onstant.
1.4 Trunated solution at NLO. Non-singlet
The extension of our proedure to NLO (non-singlet) is more involved, but also in this ase
proofs of onsisteny of the logarithmi ansatz an be formulated. However, before starting
our tehnial analysis, we dene the notion of trunated solutions of the DGLAP equations,
expanding our preliminary disussion of the previous setions. We start with some denitions.
A trunated solution retains only ontributions up to a ertain order in the expansion in the
oupling. We ould dene a 1-st trunated solution, a 2-nd trunated solution and so on. The
sequene of trunated solutions is expeted to onverge toward the exat solution of the DGLAP
as the number of trunates inreases. This an be done at any order in the expansion of the
DGLAP kernels (NLO,NNLO,NNNLO,...). For instane, at NLO, we an build an exat solution
in moment spae (this is true only in the non-singlet ase) but we an also build the sequene of
trunated solutions. It is onvenient to illustrate the kind of approximations whih are involved
in order to obtain these solutions and for this reason we try to detail the derivations.
Let's onsider the NLO non-singlet DGLAP equation, written diretly in moment spae
∂f(N,αs)
∂αs
= −
(
αs
2π
)
P (0)(N) +
(
αs
2π
)2
P (1)(N)
β0
4πα
2
s +
β1
16π2
α3s
f(N,αs), (1.22)
and searh for its exat solution, whih is given by
f(N,αs) = f(N,α0)
(
αs
α0
)− 2P (0)(N)
β0
(
4πβ0 + αsβ1
4πβ0 + α0β1
) 2P (0)(N)
β0
−
4P (1)(N)
β1
. (1.23)
Notie that equation (1.22) is the exat NLO equation. In partiular we have preserved the
struture of the right-hand side, that involves both the beta funtion and the NLO kernels and
is given as a ratio of two polynomials in αs
PNLO(x, αs)
βNLO(αs)
, (1.24)
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where
P (x,Q2)
NLO
=
(
αs(Q
2)
2π
)
P (0)(x) +
(
αs(Q
2)
2π
)2
P (1)(x) (1.25)
is the NLO kernel. The fatorization of the LO solution from the NLO equation an be obtained
expanding the ratio P/β in αs, whih allows the fatorization of a 1/αs ontribution. Equiva-
lently, one an redene the integral of the solution in moment spae by subtration of the LO
part ∫ αs
α0
dα
(
PNLO(x, α)
βNLO(α)
− PLO(α)
βLO(α)
)
. (1.26)
Denoting by b1 = β1/β0, the trunated dierential equation an be written as
∂f(N,αs)
∂αs
= − 2
β0αs
[
P (0)(N) +
αs(Q
2)
2π
(
P (1) − b1
2
P (0)
)]
f(N,αs), (1.27)
whih has the solution
f(N,αs) =
[
αs
α0
]− 2P (0)
β0 × exp
{
(αs − α0)
πβ0
(
b1
2
P (0) − P (1)
)}
f(N,α0). (1.28)
Notie that this solution of the trunated equation, exatly as in the exat solution (1.23),
ontains as a fator the LO solution and therefore an be rewritten in the form
f(N,αs) = exp
{
(αs − α0)
πβ0
(
b1
2
P (0) − P (1)
)}
fLO(N,αs), (1.29)
where fLO(N,αs) is given by
fLO(N,αs) =
[
αs
α0
]− 2P (0)
β0
f(N,α0). (1.30)
Eq. (1.29) exemplies a typial mathematial enounter in the searh of solutions of PDE's of a
ertain auray: if we allow a perturbative expansion of the dening equation arrested at a given
order, the solution, however, is still aeted by higher order terms in the expansion parameter
(in our ase αs). To identify the expansion whih onverges to (1.29) proeeds as follows. We
start from the 1-st trunated solution.
Expanding (1.29) to rst order around the LO solution we obtain
f(N,αs) = f
LO(N,αs)×
{
1 +
(αs − α0)
πβ0
(
b1
2
P (0) − P (1)
)}
, (1.31)
whih is the expression of the 1-st trunated solution, aurate at order αs. One an already see
from (1.31) that the ansatz whih we are looking for should involve a double expansion in two
values of the oupling onstant: αs and α0. This point will be made more lear below. For this
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reason we are naturally lead to study the logarithmi expansion
f(x,Q2)
NLO
=
∞∑
n=0
An(x)
n!
[
ln
(
αs
α0
)]n
+ αs
∞∑
n=0
Bn(x)
n!
[
ln
(
αs
α0
)]n
, (1.32)
whih is the obvious generalization of the analogous LO expansion (1.15).
Inserting this ansatz in the NLO DGLAP equation, we derive the following reursion relations
for An and Bn
An+1 = − 2
β0
P (0)(x)⊗An(x),
Bn+1 = −Bn(x)− β1
4πβ0
An+1(x)− 2
β0
P (0)(x)⊗Bn(x)− 1
πβ0
P (1)(x)⊗An(x),
(1.33)
together with the initial ondition
f(x,Q20) = A0 + αs(Q
2
0)B0. (1.34)
At this point we need to prove that the reursion relations (1.33) reprodue in moment spae
(1.31). To do so we rewrite the reursion relations in Mellin-spae
An+1(N) = − 2
β0
P (0)(N)An(N),
Bn+1(N) = −Bn(N)− β1
4πβ0
An+1(N)− 2
β0
P (0)(N)Bn(N)− 1
πβ0
P (1)(N)An(N),
(1.35)
and searh for their solution over n. After solving these relations with respet to A0 and B0, it
is simple to realize that our ansatz (1.32) exatly reprodues the trunated solution (1.31) only
if the ondition B0 = 0 is satised. In fat, denoting by
R0 = − 2
β0
P (0)(N),
R1 =
(
b1
2πβ0
P (0) − 1
πβ0
P (1)
)
, (1.36)
the reursive oeients, we an rewrite the reursion relations as
An+1 = R0An,
Bn+1 = (R0 − 1)Bn +R1An. (1.37)
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Then, observing that
An = R
n
0A0,
B1 = (R0 − 1)B0 +R1A0,
B2 = (R0 − 1)2B0 +R1A0(2R0 − 1),
B3 = (R0 − 1)3B0 +R1A0
[
(2R0 − 1)(R0 − 1) +R20
]
,
.
.
.
(1.38)
we identify the struture of the nth iterate in lose form
Bn = (R0 − 1)nB0 +R1A0 [Rn0 − (R0 − 1)n] .
Substituting the expressions for An and Bn so obtained in terms of A0 and B0 in the initial
ansatz, and summing the logarithms (a proedure that we all exponentiation ) we obtain
∞∑
n=0
An(N)
n!
Ln = A0
(
αs
α0
)R0
,
∞∑
n=0
αs
Bn(N)
n!
Ln =
∞∑
n=0
αs
1
n!
{(R0 − 1)nB0 +R1A0 [Rn0 − (R0 − 1)n]}
= αsB0
(
αs
α0
)R0−1
+ αsR1A0
(
αs
α0
)R0
− αsR1A0
(
αs
α0
)R0−1
,
(1.39)
expression that an be rewritten as
f(N,αs) = A0
(
αs
α0
)R0
+ αsB0
(
αs
α0
)R0−1
+ αsR1A0
(
αs
α0
)R0
− αsR1A0
(
αs
α0
)R0−1
. (1.40)
This expression after a simple rearrangement beomes
f(N,αs) =
(
αs
α0
)R0
[1 + (αs − α0)R1] f(N,Q20)−
(
αs
α0
)R0
(αs − α0) (R1α0B0). (1.41)
This solution in moment spae exatly oinides with the trunated solution (1.31) if we impose
the ondition B0 = 0. It is lear that the solution gets organized in the form of a double expansion
in the two variables αs and α0. While αs appears expliitely in the ansatz (1.32), α0 appears
only after the logarithmi summation and the fatorization of the leading order solution. An
obvious question to ask is how should we modify our ansatz if we want to reprodue the exat
solution of the trunated DGLAP equation in moment spae, given by eq. (1.28). The answer
omes from a simple extension of our reursive method.
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1.4.1 Higher order trunated solutions
We start by expanding the solution of the trunated equation (1.29), whose exponential fator
is approximated by its double expansion in αs and α0 to seond order, thereby identifying the
approximate solution
f(N,αs) = exp
{
(αs − α0)
πβ0
(
b1
2
P (0) − P (1)
)}
× fLO(N,αs)
≃
(
αs
α0
)R0 [
1−R1(α0 − αs) + 1
2
R21(α0 − αs)2 +R1(α20 − α2s)
b1
8π
]
f(N,α0).
(1.42)
To generate this solution with the reursive method it is suient to introdue the higher order
(2nd order) ansatz
f˜(x, αs) =
+∞∑
n=0
Ln
n!
[
An(x) + αsBn(x) + α
2
sCn(x)
]
, (1.43)
where we have inluded some new oeients Cn(x) that will take are of the higher order terms
we aim to inlude. Inserted into the NLO DGLAP equation, this ansatz generates an appropriate
hain of reursion relations
An+1(x) = − 2
β0
P (0)(x)⊗An(x),
Bn+1(x) = −Bn(x)− 2
β0
P (0)(x)⊗Bn(x)− b1
(4π)
An+1(x)− 1
πβ0
P (1)(x)⊗An(x),
Cn+1(x) = −2Cn(x)− 2
β0
P (0)(x)⊗ Cn(x)− b1
(4π)
Bn+1(x)− b1
(4π)
Bn(x)− 1
πβ0
P (1)(x)⊗Bn(x),
(1.44)
that we solve by going to Mellin spae and obtain
An = R
n
0A0,
Bn = R1 [R
n
0 − (R0 − 1)n]A0,
Cn =
[
1
2
(R0 − 2)n − (R0 − 1)n
]
R21A0 +
1
2
R21R
n
0A0 +
1
8π
R1b1 (R0 − 2)nA0 − 1
8π
R1R
n
0 b1A0, (1.45)
where the initial onditions are f˜(N,α0) = A0 and B0 = C0 = 0. It is a trivial exerise to
show that the solution of the reursion relation, inserted into (1.43), oinides with (1.42), after
exponentiation.
Capturing more and more logs of the trunated logarithmi equation at this point is as easy
as never before. We an onsider, for instane, a higher order ansatz aurate to O(α3s) for the
Chapter 1. The Logarithmi Expansions and Exat Solutions 25
NLO non-singlet solution
f˜(x, αs) =
∞∑
n=0
Ln
n!
[
An(x) + αsBn(x) + α
2
sCn(x) + α
3
sDn(x)
]
, (1.46)
that generates four independent reursion relations. The relations for An+1, Bn+1, Cn+1 are, for
this extension, the same as in the previous ase and are listed in (1.45). Hene, we are left with
an additional relation for the Dn+1 oeient whih reads
Dn+1(x) = −3Dn(x)− 2
β0
P (0) ⊗Dn(x)− b1
(4π)
Cn+1(x)− b1
(2π)
Cn(x)− 1
πβ0
P (1) ⊗ Cn(x).
(1.47)
These are solved in Mellin spae with respet to A0, B0, C0,D0 (with the ondition B0 = C0 =
D0 = 0). We obtain
An = R
n
0A0,
Bn = R1 [R
n
0 − (R0 − 1)n]A0,
Cn =
[
1
2
(R0 − 2)n − (R0 − 1)n
]
R21A0 +
1
2
R21R
n
0A0 +
1
8π
R1b1 (R0 − 2)nA0 − 1
8π
R1R
n
0 b1A0,
Dn =
[
−1
6
(R0 − 3)n + 1
2
(R0 − 2)n − 1
2
(R0 − 1)n + 1
6
Rn0
]
R31A0[
− 1
8π
(R0 − 3)n b1 + 1
8π
(R0 − 2)n b1 + 1
8π
(R0 − 1)n b1 − 1
8π
Rn0 b1
]
R21A0[
− 1
48π2
(R0 − 3)n b21 +
1
48π2
Rn0 b
2
1
]
R1A0. (1.48)
Exponentiating we have
f˜(x, αs) =
{
1 + αs
(
1− α0
αs
)
R1
}
A0
(
αs
α0
)R0
+α2s
{[
1
2
(
α20
α2s
− 2 α0
αs
+ 1
)
R21 +
b1
8π
α20
α2s
R1 − b1
8π
R1
]}
A0
(
αs
α0
)R0
+α3s
{(
−1
6
α30
α3s
+
1
2
α20
α2s
− 1
2
α0
αs
+
1
6
)
R31 +
(
− b1
8π
α30
α3s
+
b1
8π
α20
α2s
+
b1
8π
α0
αs
− b1
8π
)
R21
+
(
b21
48π2
α30
α3s
+
b21
48π2
)
R1
}
A0
(
αs
α0
)R0
, (1.49)
whih is the solution of the trunated equation omputed with an O(α3s) auray.
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1.5 Non-singlet trunated solutions at NNLO
The generalization of the method that takes to the trunated solutions at NNLO is more involved,
but to show the equivalene of these solutions to those in Mellin spae one proeeds as for the
lower orders. As we have already pointed out, one has rst to expand the ratio P/β at a ertain
order in αs, then solve the equation in moment spae - solution that will bring in automatially
higher powers of αs - and then reonstrut this solution via iterates.
At NNLO the kernels are given by
P (x,Q2)
NNLO
=
(
αs(Q
2)
2π
)
P (0)(x) +
(
αs(Q
2)
2π
)2
P (1)(x) +
(
αs(Q
2)
2π
)3
P (2)(x),
(1.50)
and the equation in Mellin-spae is given by
∂f(N,αs)
∂αs
=
PNNLO(N)
βNNLO
f(N,αs). (1.51)
We searh for solutions of this equation of a given auray in αs and for this purpose we
trunate the evolution integral of the ratio P/β to O(α2s). This is the rst order at whih the
P (2) omponent of the kernels appear. As we are going to see, this will generate the rst trunate
for the NNLO ase. Therefore, while the rst trunate at NLO is of O(αs), the rst trunate at
NNLO is of O(α2s). We obtain
INNLO =
∫ αs
α0
dα
(
PNNLO(x, α)
βNNLO(α)
− PLO(α)
βLO(α)
)
≈ −R1α0 − 1
2
R2α
2
0 +R1αs +
1
2
R2α
2
s. (1.52)
At this retained auray of the evolution integral, the exat solution of the orresponding
(trunated) DGLAP equation an be found, in moment spae, as in (1.72)
f(N,αs) = f(N,α0)
(
αs
α0
)−2P (0)
β0
{
1 + (αs − α0)
[
−P
(1)
πβ0
+
P (0)β1
2πβ20
]
+α2s
[
P (1)
2
2π2β20
− P
(2)
4π2β0
− P
(0)P (1)β1
2π2β20
+
P (1)β1
8π2β20
+
P (0)
2
β21
8π2β40
− P
(0)β21
16π2β30
+
P (0)β2
16π2β20
]
+α20
[
P (1)
2
2π2β20
+
P (2)
4π2β0
− P
(0)P (1)β1
2π2β20
− P
(1)β1
8π2β20
+
P (0)
2
β21
8π2β40
+
P (0)β21
16π2β30
− P
(0)β2
16π2β20
]
+α0αs
[
−P
(1)2
π2β20
+
P (0)P (1)β1
π2β30
− P
(0)2β21
4π2β40
]}
. (1.53)
At this order this solution oinides with the exat NNLO solution of the DGLAP equation,
obtained from an exat evaluation of the integral (1.52), followed by a double epansion in the
ouplings. Therefore, similarly to (1.42), the solution is organized eetively as a double ex-
pansion in αs and α0. This approah remains valid also in the singlet ase, when the equations
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assume a matrix form. As we have already pointed out above, all the known solutions of the
singlet equations in moment spae are obtained after a trunation of the orresponding PDE,
having retained a given auray of the ratio P/β. For this reason, and to ompare with the
previous literature, it is onvenient to rewrite (1.53) in a form that parallels the analogous singlet
result [19℄. It is not diult to perform the math of our result with that previous one, whih
takes the form [19℄, [2℄, [20℄
f(N,αs) = U(N,αs)fLO(N,αs, α0)U
−1(N,α0)
=
[
1 +
+∞∑
κ=1
Uκ(N)α
κ
s
]
fLO(N,αs, α0)
[
1 +
+∞∑
κ=1
Uκ(N)α
κ
0
]−1
, (1.54)
whih beomes, after some manipulations
f(N,αs) =
(
αs
α0
)− 2
β0
P (0) [
1 + (αs − α0)U1(N) + α2sU2(N)
−αsα0U21 (N) + α20
(
U21 (N)− U2(N)
)]
f(N,α0) ,
(1.55)
where the funtions Ui(N) are dened as
U1(N) =
1
πβ0
[
b1P
(0)(N)
2
− P (1)(N)
]
≡ R1(N),
U2(N) =
1
2
[
R21(N)−R2(N)
]
,
R2(N) =
[
P (2)(N)
2π2β0
+
b1
4π
R1(N) +
b2
(4π)2
R0(N)
]
,
R0(N) = − 2
β0
P (0)(N), (1.56)
where β1/β0 = b1, β2/β0 = b2.
We intend to show rigorously that this solution is generated by a simple logarithmi ansatz
arrested at a spei order. For this purpose we simplify (1.55) obtaining
f(N,Q2) =
(
αs
α0
)R0(N) [
1−R1(N)α0 + 1
2
R21(N)α
2
0 +
1
2
R2(N)α
2
0 +R1(N)αs
−R21(N)αsα0 +
1
2
R21(N)α
2
s −
1
2
R2(N)α
2
s
]
f(N,Q20),
(1.57)
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and the ansatz that aptures its logarithmi behaviour an be easily found and is given by
f(x,Q2)
NNLO
=
∞∑
n=0
An(x)
n!
[
ln
(
αs(Q
2)
αs(Q20)
)]n
+ αs(Q
2)
∞∑
n=0
Bn(x)
n!
[
ln
(
αs(Q
2)
αs(Q20)
)]n
+α2s(Q
2)
∞∑
n=0
Cn(x)
n!
[
ln
(
αs(Q
2)
αs(Q
2
0)
)]n
. (1.58)
Setting the initial onditions as
f(x,Q20) = A0(x) + α0B0(x) + α
2
0C0(x), (1.59)
and introduing the 3-loop expansion of the β-funtion, we derive the following reursion relations
An+1(x) = − 2
β0
P (0)(x)⊗An(x),
Bn+1(x) = −Bn(x)− β1
4πβ0
An+1(x)− 2
β0
P (0)(x)⊗Bn(x)− 1
πβ0
P (1)(x)⊗An(x),
Cn+1(x) = −2Cn(x)− β1
4πβ0
Bn(x)− β1
4πβ0
Bn+1(x)− β2
16π2β0
An+1(x)
− 2
β0
P (0)(x)⊗ Cn(x)− 1
πβ0
P (1)(x)⊗Bn(x)
− 1
2π2β0
P (2)(x)⊗An(x). (1.60)
We need to show that the solution of the NNLO reursion relations reprodues (1.55) in
Mellin-spae, one we have hosen appropriate initial onditions for A0(N), B0(N) and C0(N)
2
.
At NLO we have already seen that B0(N) has to vanish for any N , i.e. B0(x) = 0, and we
try to impose the same ondition on C0(N). In this ase we obtain the reursion relation for the
moments
Cn+1(N) = −2Cn(N)− β1
4πβ0
Bn(N)− β1
4πβ0
Bn+1(N)− β2
16π2β0
An+1(N)
− 2
β0
P (0)(N)Cn(N)− 1
πβ0
P (1)(N)Bn(N)
− 1
2π2β0
P (2)(N)An(N), (1.61)
2
It an be shown that the innite set of reursion relations have internal symmetries and dierent hoies of
initial onditions an bring to the same solution. The hoie that we make in our analysis is the simplest one.
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whih ombined with the relations for An(N) and Bn(N) give
Cn =
{
−R21 (R0 − 1)n −
1
2
R2R
n
0 +
1
2
[
(R0 − 2)nR21 + (R0 − 2)nR2 +R21Rn0
]}
A0,
Bn = [R
n
0 − (R0 − 1)n]R1A0,
An = R
n
0A0 , (1.62)
where the N dependene in the oeients Ri has been suppressed for simpliity. The solution
is determined exatly as in (1.37) and (1.39) and an be easily brought to the form
f(N,Q2) =
1
2
(
αs
α0
)R0(N) [
2− 2R1(αs − α0) +R21(αs − α0)2 +R2(α20 − α2s)
]
A0, (1.63)
whih is the result quoted in eq. (1.57) with A0 = f(N,α0).
We have therefore identied the orret logarithmi expansion at NNLO that solves in x-spae
the DGLAP equation with an auray of order α2s.
1.6 Generalizations to all orders : exat solutions of trunated
equations built reursively
We have seen that the order of approximation in αs of the trunated solutions is in diret
orrespondene with the order of the approximation used in the omputation of the integral
on the right-hand-side of the evolution equation (1.26). This issues is partiularly important
in the singlet ase, as we are going to investigate next, sine any singlet solution involves a
trunation. We have also seen that all the known solutions obtained in moment spae an be
easily reobtained from a logarithmi ansatz and therefore there is omplete equivalene between
the two approahes. We will also seen that the struture of the ansatz is insensitive to whether
the equations that we intend to solve are of matrix forms or are salar equations, sine the ansatz
and the reursion relations are linear in the unknown matrix oeients (for the singlet) and
generate in both ases the same reursion relations.
We pause here and try to desribe the patterns that we have investigated in some generality.
We work at a generi order NmLO, with m=1 denoting the NLO, m = 2 the NNLO and so
on. We have already seen that one an fatorize the LO solution, having dened the evolution
integral
INmLO(αs, α0) =
∫ αs
α0
dα
(
PNmLO(x, α)
βNmLO(α)
− PLO(α)
βLO(α)
)
, (1.64)
and the exat solution an be formally written as
f(N,αs) = f
LO(N,αs)× eINmLO(αs,α0). (1.65)
A Taylor expansion of the integrand in the (1.64) around αs = 0 at order κ = (m− 1) gives, in
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moment spae,
(
PNmLO(N,αs)
βNmLO(αs)
− PLO(αs)
βLO(αs)
)
≈ R1(P (0), P (1), N) +R2(P (0), P (1), P (2), N)αs
+R3(P
(0), P (1), P (3), N)α2s
+ · · ·+Rκ+1(P (0), P (1), . . . , P (m), N)ακs , (1.66)
whih at NNLO beomes(
PNNLO(N,αs)
βNNLO(αs)
− PLO(αs)
βLO(αs)
)
≈ R1(P (0), P (1), N) +R2(P (0), P (1), P (2), N)αs. (1.67)
Thus, integrating between αs and α0 we, obtain the following expression for INmLO(αs, α0) at
O(ακs )
I
(κ)
NmLO(αs, α0) = −R1α0 −
1
2
R2α
2
0 − · · · −
1
κ
Rκα
κ
0 +R1αs +
1
2
R2α
2
s + · · ·+
1
κ
Rκα
κ
s , (1.68)
where the (P (0), P (1), . . . , P (m), N) dependene in the Rκ oeients has been omitted. To
summarize: in order to solve the κ-trunated version of the NmLO DGLAP equation
∂f(N,αs)
∂αs
=
PNmLO(N,αs)
βNmLO(αs)
f(N,αs), (1.69)
whih is obtained by a Taylor expansion - around αs = 0 - of the ratio PNmLO(N,αs)/βNmLO(αs),
we need to solve the equation
∂f(N,αs)
∂αs
=
1
αs
[
R0 + αsR1 + α
2
sR2 + · · · + ακsRκ
]
f(N,αs), (1.70)
where the oeients Rκ have a dependene on P
(0)
and P (1) in the NLO ase, and on P (0),
P (1) and P (2) in the NNLO ase. Eq. (1.70) admits an exat solution of the form
f(N,αs) =
(
αs
α0
)R0
exp
{
R1 (αs − α0) + 1
2
R2
(
α2s − α20
)
+ · · ·+ 1
κ
Rκ (α
κ
s − ακ0)
}
f(N,α0),
(1.71)
having fatorized the LO solution.
At this stage, the Taylor expansion of the exponential around (αs, α0) = (0, 0) generates an
expanded solution of the form
fNmLO(N,αs) ≈ fLO(N,α0)eI
(κ)
NmLO
= fLO(N,α0)
(
1 + I
(κ)
NmLO +
1
2!
(
I
(κ)
NmLO
)2
+ . . .
)
, (1.72)
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whih an be also written as
fLO(N,α0)
(
1 + I
(κ)
NmLO +
1
2!
(
I
(κ)
NmLO
)2
+ . . .
)
=
fLO(N,αs)×
[
c0 + αs
(
c1,0 + c1,1α0 + c1,2α
2
0 + · · · + c1,κ−1ακ−10 + c1,κακ0
)
+α2s
(
c2,0 + c2,1α0 + c2,2α
2
0 + · · ·+ c2,κακ0
)
+ . . . cκ,0α
κ
s + · · ·
]
,
(1.73)
where the oeients cij are dened in moment spae. The κ-th trunated solution of the
equation above
fNmLO(N,αs)
∣∣
O(ακs )
= fLO(N,αs)

∑
i,j=0
i+j≤κ
αisα
j
0ci,j

 , (1.74)
is therefore aurate to O(ακs ), and learly does not retain all the powers of the oupling onstant
whih are, instead, part of (1.72). However, as far as we are interested in an aurate solution
of order κ, we an reobtain exatly the same expression from x-spae using the ansatz
fNmLO(x, αs)
∣∣
O(ακ′s )
=
∞∑
n=0
(
A0n(x) + αsA
1
n(x) + α
2
sA
2
n(x) + · · ·+ ακ
′
s A
κ′
n (x)
) [
ln
(
αs(Q
2)
αs(Q20)
)]n
,
(1.75)
whih an be orretly dened to be a trunated solution of order κ′ of the (κ)-trunated equation.
Sine we have trunated the evolution integral at order κ, this is also the maximum order at
whih the trunated logarithmi expansion (1.75) oinides with the exat solution of the full
equation. This orresponds to the hoie κ′ = κ. Notie, however, that the number of oeients
Aκ
′
n that one introdues in the ansatz is unrelated to κ and an be larger than this spei value.
This implies that we obtain an improved auray as we let κ′ in (1.75) grow.
If we hoose the auray of the evolution integral to be κ, while sending the index κ′ in the
logarithmi expansion of (1.75) to innity, then the ansatz that aompanies this hoie beomes
fNmLO(N,αs) =
∞∑
n=0
(
∞∑
l=0
αlsA
l
n(x)
)[
ln
(
αs(Q
2)
αs(Q20)
)]n
, (1.76)
and onverges to the exat solution of the (order κ) trunated equation (1.72). Obviously, this
exat solution starts to dier from the exat solution of the exat DGLAP equation at O(ακ+1s ).
Also in this ase, as before, one should notie that the double expansion in αs and α0 of the
exat solution of the (κ)-trunated equation an be reobtained after using our exponentiation,
and not before. We remark, if not obvious, that the reursion relations, in this ase, need to be
solved at the hosen order κ′, as widely shown in the examples disussed before.
We remark that, as done for the LO, we ould also fatorize the NLO solution and determine
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the NmLO solution using the integral
INmLO =
∫ αs
α0
dα
(
PNmLO(x, α)
βNmLO(α)
− PNLO(α)
βNLO(α)
)
, (1.77)
and then restart the previous proedure. Obviously, the two approahes imply a resummation
of the logarithmi behaviour of the pdf's in the two ases.
It is onvenient to summarize what we have ahieved up to now. A trunation of the evolution
integral introdues an approximation in the searh for solutions, whih is ontrolled by the
auray (κ) in the expansion of the same integral. The exat solution of the orresponding
trunated equation, as we have seen from the previous examples, involves all the powers of
αs and α0 and, obviously, a further expansion around the point αs = α0 = 0 is needed in
order to identify a set of trunated solutions whih an be reobtained by a logarithmi ansatz.
This is possible beause of the property of analitiity of the solution. Therefore two types of
trunations are involved in the approximation of the solutions: 1) trunation of the equation and
2) trunation (κ′) of the orresponding solution. In the non-singlet ase, whih is partiularly
simple, one an therefore identify a wide hoie of solutions (by varying κ and κ′) that retain
higher order eets in quite dierent fashions. Previous studies of the evolution using an ansatz
a la Rossi-Storrow [6, 7℄, borrowed from the pdf's of the photon, were therefore quite limited in
auray. Our generalized proedure is the logial step forward in order to equate the auray
of solutions obtained in moment spae to those in x-spae, without having to rely on purely
numerial brute fore methods.
3
1.6.1 Reursion relations beyond NNLO and for all κ's
In the atual numerial implementations, if we intend to use a generi trunate of the non-
singlet equation (the result is atually true also for the singlet), it is onvenient to work with
implementations of the reursion relations that are valid at any order. In fat it is not pratial
to rederive them at eah new order κ′ of approximation. Next we are going to show how to do
it, identifying generi relations that are easier to implement numerially.
The expression to all orders of the DGLAP kernels is given by
P (N,αs) =
∞∑
l=0
(αs
2π
)l+1
P (l)(N)
∂αs
∂ lnQ2
= −
∞∑
i=0
αi+2s
βi
(4π)i+1
, (1.78)
3
In [2℄ a ag variable alled IMODEV allows to swith among the exat solution (IMODEV=1), the exat
solution of the O(α2s) trunated equation (IMODEV=2). A third option (IMODEV=0) involves at NLO and at
NNLO O(αs) and O(α
2
s), respetively, trunated ansatz that, in our ases, are reonstruted logarithmially.
Chapter 1. The Logarithmi Expansions and Exat Solutions 33
and the equation in Mellin-spae in Melin spae is given by
∂f(N,αs)
∂αs
= −
∑∞
l=0
(
αs
2π
)l+1
P (l)(N)∑∞
i=0 α
i+2
s
βi
(4π)i+1
f(N,αs), (1.79)
whose exat solution an be formally written as
f(N,αs) =
(
αs
α0
)− 2
β0
P (0)
eF(αs ,α0,P
(0),P (1),P (2),...,β0,β1,...)f(N,α0) , (1.80)
where F is obtained from the evolution integral and whose spei form is not relevant at this
point.
We will use the notation (~P , ~β) to indiate the sequene of omponents of the kernels and
the oeients of the β-funtion (P (0), P (1), P (2), ..., β0, β1, ...).
Then, the Taylor expansion around αs = α0 of the solution is formally given by
eF(αs,α0,
~P ,~β) =
∞∑
n=0
Φn(∂F , ∂2F , ..., ∂nF)|αs=α0(αs − α0)n
1
n!
(1.81)
for an appropriate Φn(∂F , ∂2F , ..., ∂nF). Φn is a funtion that depends over all the partial
derivative obtained by the Taylor expansion. Sine it is alulated for αs = α0, it has a parametri
dependene only on α0, and we an perform a further expansion around the value α0 = 0
obtaining
eF(αs,α0,
~P ,~β) =
∞∑
m=0
αm0
m!
∂m
∂α0
m
[
∞∑
n=0
Φn(α0, ~P , ~β) (αs − α0)n 1
n!
]
α0=0
. (1.82)
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This expression an always be arranged and simplied as follows
eF(αs,α0,
~P ,~β) =
∞∑
n=0
[
αns
n!
Φn(0, ~P , ~β) +
(
−nα
n−1
s
n!
Φn(0, ~P , ~β) +
αns
n!
∂Φn(α0, ~P , ~β)
∣∣∣∣
α0=0
)
α0+
(
1
2
(n− 1)nαn−2s
n!
Φn(0, ~P , ~β)− nα
n−1
s
n!
∂Φn(α0, ~P , ~β)
∣∣∣∣
α0=0
+
1
2
αns ∂
2Φn(α0, ~P , ~β)
∣∣∣∣
α0=0
)
α20 + (. . . )α
3
0 + . . .
]
=
[(
1 + αsξ
(0)
1 (
~P , ~β) + · · · + αns ξ(0)n (~P , ~β)
)
+α0
(
ξ
(1)
0 (
~P , ~β) + αsξ
(1)
1 (
~P , ~β) + α2sξ
(1)
2 (
~P , ~β) + · · ·+ αns ξ(1)n (~P , ~β)
)
+α20
(
ξ
(2)
0 (
~P , ~β) + αsξ
(2)
1 (
~P , ~β) + α2sξ
(2)
2 (
~P , ~β) + · · · + αns ξ(2)n (~P , ~β)
)
.
.
.
+αm0
(
ξ
(m)
0 (
~P , ~β) + αsξ
(m)
1 (
~P , ~β) + α2sξ
(m)
2 (
~P , ~β) + · · ·+ αns ξ(m)n (~P , ~β)
)]
=
∞∑
n=0
∞∑
m=0
αm0 α
n
s ξ
(m)
n (~P ,
~β),
(1.83)
where we are formally absorbing all the dependene on both the kernels
~P and the β-funtion ~β,
oming from the funtions ∂mΦn alulated at the point α0 = 0, in the oeients ξ
(m)
n . Finally,
we an reorganize the solution to all orders as
f(N,αs) =
(
αs
α0
)− 2
β0
P (0)
f(N,α0)
∞∑
n=0
∞∑
m=0
αm0 α
n
s ξ
(m)
n (
~P , ~β). (1.84)
With the help of the general notation
~PNLO = (P
(0), P (1)),
~PNNLO = (P
(0), P (1), P (2)),
~βNLO = (β0, β1),
~βNNLO = (β0, β1, β2) , (1.85)
we an try to indentify, by a formal reasoning, the exat solution up to a xed - but generi -
perturbative order of the expansion of the kernels.
To obtain the NLO/NNLO exat solution it is suient to take as null the omponents
(P (2), P (3), ...) and (β2, β3, ...) for the NLO and (P
(3), ...) and (β3, ...) for the NNLO ase. Sine
eq.(1.84) ontains all the powers of α0αs up to α
m
0 α
n
s (i.e. it is a polynomial expression of order
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αn+m), if we aim at an auray of order ακs , we have to arrange the exat expanded solution as
f(N,αs) =
(
αs
α0
)− 2
β0
P (0)
f(N,α0)
κ∑
n=0
∞∑
j=0
αj0α
n−j
s ξ
(j)
n (
~P , ~β) +O(ακs ), (1.86)
with O(ακs ) indiating all the higher-order terms ontaining powers of the type α0α
κ
s+· · ·+ακ0ακs .
Hene, the index κ represents the order at whih we trunate the solution.
As a natural generalization of the ases disussed in the previous setions, we introdue the
higher-order ansatz (κ-trunated solution)
f˜(N,αs) =
∞∑
n=0
[
κ∑
m=0
Omn (N)
n!
αms
]
logn
(
αs
α0
)
(1.87)
that reprodues the exat solution (1.86) expanded at order κ.
In fat, inserting this last ansatz in (1.79) we generate a generi hain of reursion relations
of the form
O0n+1(N) = F
0(O0n(P
(0), β0)),
O1n+1(N) = F
1(O0n, O
0
n+1, O
1
n, ~P ,
~β),
O2n+1(N) = F
2(O0n, O
1
n, O
2
n, O
0
n+1, O
1
n+1,
~P , ~β),
.
.
.
Oκn+1(N) = F
κ(O0n, ..., O
κ
n, O
0
n+1, ..., O
κ−1
n+1,
~P , ~β) . (1.88)
A deeper look at the expliit struture of (1.88), for the NLO non-singlet ase, reveals the
following strutures for the generi iterates
O0n+1(N) = −
2
β0
[
P (0)(N)O0n(N)
]
,
Oκn+1(N) = −
2
β0
[
P (0)Oκn
]
(N)− 1
πβ0
[
P (1)(N)Oκ−1n (N)
]
− β1
4πβ0
Oκ−1n+1(N)− κOκn(N)− (κ− 1)
β1
4πβ0
Oκ−1n (N), (1.89)
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at NLO, while for the NNLO ase we obtain
O0n+1(N) = −
2
β0
[
P (0)(N)O0n(N)
]
,
O1n+1(N) = −
2
β0
[
P (0)(N)O1n(N)
]
− 1
πβ0
[
P (1)(N)O0n(N)
]
− β1
4πβ0
O0n+1(N)−O1n(N),
Oκn+1(N) = −
2
β0
[
P (0)(N)Oκn(N)
]
− 1
πβ0
[
P (1)(N)Oκ−1n (N)
]
− 1
2π2β0
[
P (2)(N)Oκ−2n (N)
]
− β1
4πβ0
Oκ−1n+1(N)−
β2
16π2β0
Oκ−2n+1(N)
−κOκn(N)− (κ− 1)
β1
4πβ0
Oκ−1n (N)− (κ− 2)
β2
16π2β0
Oκ−2n (N). (1.90)
Hene, one is able to determine the struture of the κ-th reursion relation when the κ = 0 and
κ = 1 ases are known. This property is very useful from the omputational point of view. 4
Passing to the resolution of the reursion relations in moment spae, we get the formal
expansion of eah Oκn(N) in terms of the initial ondition O
0
0(N), whih reads
f˜(N,α0) = O
0
0(N) + 0/ α0 + 0/ α
2
0 + ...+ 0/ α
κ
0 . (1.91)
Here we have set to zero all the higher order terms, as a natural generalization of B0 = C0 = 0...,
aording to what has been disussed above.
These relations an be solved as we have shown in previous examples, and the generi stru-
ture of their solution an be identied. If we dene R0 = − 2β0P (0), the expressions of all the
Oκn(N) in terms of f˜(N,α0) ≡ f˜0 beome
O0n(N) = R
n
0 f˜0
O1n(N) = G
1(Rn0 , (R0 − 1)n, ~P , ~β)f˜0,
O2n(N) = G
2(Rn0 , (R0 − 1)n, (R0 − 2)n, ~P , ~β)f˜0,
.
.
.
Oκn(N) = G
κ(Rn0 , (R0 − 1)n, (R0 − 2)n, ..., (R0 − κ)n, ~P , ~β)f˜0 , (1.92)
and in partiular, by an expliit alulation of Oκn(N), one an work out the struture of these
speial funtions Gm. For instane, we get for m = κ the expression
Gκ(Rn0 , (R0 − 1)n, (R0 − 2)n, ..., (R0 − κ)n, ~P , ~β) =
κ∑
j=0
(R0 − j)nξ(j)κ (~P , ~β) , (1.93)
4
The relations (1.89) and (1.90) hold also in the NLO/NNLO singlet ase and an be generalized to any
perturbative order in the expansion of the kernels.
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for suitable oeients ξ
(j)
κ . Substituting the Omn (N) funtions with m = 0, . . . κ in the higher-
order ansatz (1.87) and performing our exponentiation, we get an expression of the form
f˜(N,αs) = G
0
((
αs
α0
)R0 )
+ αsG
1
((
αs
α0
)R0
,
(
αs
α0
)R0−1)
+α2sG
2
((
αs
α0
)R0
,
(
αs
α0
)R0−1
,
(
αs
α0
)R0−2)
+ . . . ακs G
κ
((
αs
α0
)R0
,
(
αs
α0
)R0−1
,
(
αs
α0
)R0−2
, . . . ,
(
αs
α0
)R0−κ)
,
(1.94)
whih an be written as follows by the use of eq. (1.93)
f˜(N,αs) =
(
αs
α0
)R0
f˜(N,α0)
κ∑
m=0
m∑
j=0
αm−js α
j
0 ξ
(j)
m (~P ,
~β) . (1.95)
This is the exat solution expanded up to O(ακs ) in auray.
1.7 The Searh for the exat non-singlet NLO solution
We have shown in the previous setions how to onstrut exat solutions of trunated equations
using logarithmi expansions. We have also shown the equivalene of these approahes with
the Mellin method, sine the reursion relations for the unknown oeient funtions of the
expansions an be solved to all orders and so reprodue the solution in Mellin spae of the
trunated equation. The question that we want to address in this setion is whether we an
searh for exat solutions of the exat (untrunated) equations as well. These solutions are known
exatly in the non singlet ase up to NLO. It is not diult also to obtain the exat NNLO solution
in Mellin spae, and we will reonstrut the same solutions using modied reursion relations.
The expansions that we will be using at NLO are logarithmi and solve the untrunated equation.
The NNLO ase, instead, will be treated in a following setion, where, again, we will use reursion
relations to build the exat solution but with a non-logarithmi ansatz
5
.
The exat NLO non-singlet solution has been given in eq. (1.23). The identiation of an
expansion that allows to reonstrut in moment spae eq. (1.23) follows quite naturally one the
typial properties of the onvolution produt ⊗ are identied. For this purpose we dene the
serie of onvolution produts
eFAPA(x)⊗ ≡
∞∑
n=0
FnA
n!
(PA(x)⊗)n (1.96)
5
In PEGASUS [2℄ the NNLO non-singlet solution is built by trunation in Mellin spae of the evolution
equation, while the NLO solution is implemented as an exat solution.
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that ats on a given initial funtion as
eFAPA(x)⊗φ(x) =
(
δ(1 − x)⊗+FAPA(x)⊗+ 1
2!
F 2APA ⊗ PA ⊗+ . . .
)
φ(x)
= φ(x) + FA (PA ⊗ φ) + 1
2!
F 2A (PA ⊗ PA⊗)φ(x) + . . . . (1.97)
The funtions FA and FB are parametrially dependent on any other variable exept the
variable x. The proof of the assoiativity, distributivity and ommutativity of the ⊗ produt is
easily obtained after mapping these produts in Mellin spae. For instane, for generi funtions
a(x) b(x) and c(x) for whih the ⊗ produt is a regular funtion one has
M [(a⊗ b)⊗ c] (N) = M [a⊗ (b⊗ c)] (N)
= a(N)B(N)C(N), (1.98)
where M denotes the Mellin transform and N is the moment variable. Also one obtains
eFAPA(x)⊗ eFBPB(x)⊗ φ(x) = e(FAPA(x)+FBPB(x))⊗ φ(x), (1.99)
and
M
[
eMa(x)⊗ φ
]
(N) = eMa(N)φ(N), (1.100)
with M x-independent, sine both left-hand-side and right-hand-side of (1.99) an be mapped
to the same funtion in Mellin spae. Notie that the role of the identity in ⊗-spae is taken by
the funtion δ(1 − x). We will also use the notation
(
∞∑
n=0
A′n(x)F
n
A
)
⊗
φ(x) ≡ (A0(x)⊗+FAA1(x)⊗+ . . . )φ(x), (1.101)
where the A′n(x) and the An(x) apture the operatorial and the funtional expansion - respe-
tively - and are trivially related
A′n(x)⊗ φ(x) = An(x). (1.102)
To identify the x-spae ansatz we rewrite (1.23) as
f(N,α) = f(N,α0)e
a(N)Leb(N)M
= f(N,α0)
(
∞∑
n=0
a(N)n
n!
Ln
)(
∞∑
m=0
b(N)m
m!
Mm
)
, (1.103)
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where we have introdued the notations
L = log
αs
α0
,
M = log
4πβ0 + αsβ1
4πβ0 + α0β1
,
a(N) = −2P
(0)(N)
β0
,
b(N) =
2P (0)(N)
β0
− 4P
(1)(N)
β1
. (1.104)
Our ansatz for the exat solution in x-spae is hosen of the form
f(x,Q2) =
(
∞∑
n=0
A′n(x)
n!
Ln
)
⊗
(
∞∑
m=0
B′m(x)
m!
Mm
)
⊗
f(x,Q20)
=
∞∑
s=0
s∑
n=0
LnM s−n
A′n(x)⊗B′s−n(x)
n!(s− n)! ⊗ f(x,Q
2
0)
=
∞∑
s=0
s∑
n=0
Csn(x)
n!(s− n)!L
nM s−n, (1.105)
where in the rst step we have turned the produt of two series into a single series of a ombined
exponent s = n+m, and in the last step we have introdued the funtions
Csn(x) = A
′
n(x)⊗B′s−n(x)⊗ f(x,Q20), (n ≤ s). (1.106)
Setting Q = Q0 in (1.105) we get the initial ondition A
′
0(x) = B
′
0(x) = δ(1−x) or, equivalently,
f(x,Q20) = C
0
0 (x). (1.107)
Inserting the ansatz (1.105) into the NLO DGLAP equation, with the expressions of the kernel
and beta funtion inluded at the orresponding order, we obtain the identity
∞∑
s=0
s∑
n=0
{(
−β0
4π
α− β1
16π2
α2
)
Cs+1n+1 −
β1
16π2
α2Cs+1n
}
LnM s−n
n!(s− n)!
=
∞∑
s=0
s∑
n=0
{
α
2π
P (0) ⊗Csn +
α2
4π2
P (1) ⊗ Csn
}
LnM s−n
n!(s− n)! . (1.108)
Equating term by term the oeients of α and α2, we nd from this identity the new exat
reursion relations
Cs+1n+1 = −
2
β0
P (0) ⊗ Csn, (1.109)
Cs+1n = −Cs+1n+1 −
4
β1
P (1) ⊗ Csn, (1.110)
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or, equivalently,
Csn = −
2
β0
P (0) ⊗ Cs−1n−1, (1.111)
Csn = −Csn+1 −
4
β1
P (1) ⊗ Cs−1n . (1.112)
Notie that although the oeients Csn are onvolution produts of two funtions, the reursion
relations do not let these produts appear expliitely. These relations just written down allow to
ompute all the oeients Csn (n ≤ s) up to a hosen s starting from C00 , whih is given by the
initial onditions. In partiular eq. (1.111) allows us to move along the diagonal arrow aording
to the diagram reprodued in Table 1.1; eq. (1.112) instead allows us to ompute a oeient in
the table one we know the oeients at its right and the oeient above it (horizontal and
vertial arrows). To ompute Csn there is a ertain freedom, as illustrated in the diagram. For
instane, to determine Css we an only use (1.111), and for the oeients C
s
0 we an only use
(1.112). For all the other oeients one an prove that using (1.111) or (1.112) brings to the
same determination of the oeients, and in our numerial studies we have hosen to implement
(1.111), being this relation less time onsuming sine it involves P (0) instead of P (1).
The reursion relations dening the iterated solution an be solved as follows. From the rst
relation (1.111), keeping the s-index xed, we have
Csn = −
2
β0
P (0) ⊗ Cs−1n−1 ⇒
Csn =
[
− 2
β0
P (0)
]n
⊗ Cs−n−10 , (1.113)
then, sine the seond relation (1.112) also holds for n = 0, we an write (using eq. (1.113))
Csn = −Csn+1 −
4
β1
P (1) ⊗ Cs−1n ⇒
Cs0 =
[
2
β0
P (0) − 4
β1
P (1)
]
⊗ Cs−10 ⇒
Cs0 =
[
2
β0
P (0) − 4
β1
P (1)
]s
⊗ C00 . (1.114)
Finally, inserting the above relation in (1.113) we an write
Csn =
[
2
β0
P (0)
]n
⊗
[
2
β0
P (0) − 4
β1
P (1)
]s−n
⊗ C00 , (1.115)
whih is the solution we have been searhing for. The last step in the proof onsists in taking
the Mellin transform of this operatorial solution and summing the orresponding series
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f(N,αs) =
∞∑
s=0
s∑
n=0
Csn(N)
n!(s− n)!L
nM s−n
=
∞∑
s=0
s∑
n=0
LnM s−n
n!(s− n)!
[
2
β0
P (0)
]n [ 2
β0
P (0) − 4
β1
P (1)
]s−n
C00 (N), (1.116)
that after summation gives
f(N,αs) = e
− 2
β0
P (0)(N) log
“
αs
α0
”
exp
{[
2
β0
P (0)(N)− 4
β1
P (1)(N)
]
log
(
4πβ0 + αsβ1
4πβ0 + α0β1
)}
C00 (N),
(1.117)
whih is exatly the expression in eq. (1.103). Hene, it is obvious that the exat solution of the
DGLAP equation (1.22) an be written in x-spae as
f(x, αs(Q
2)) = e
− log
“
αs
α0
”
2
β0
P (0)(x)⊗
e
log
“
4piβ0+αsβ1
4piβ0+α0β1
”h
2
β0
P (0)(x)− 4
β1
P (1)(x)
i
⊗
C00 (x),
(1.118)
therefore proving that the ansatz (1.105) reprodues the exat solution of the NLO DGLAP
equation from x-spae.
A seond version of the same ansatz for the NLO exat solution an be built using a fator-
ization of the NLO DGLAP equation. This strategy is analogous to the method of fatorization
for ordinary PDE's. For this purpose we dene a modied LO DGLAP equation, involving βNLO
∂f˜LO(x, αs)
∂αs
=
(
αs
2πβNLO
)
P (0)(x)⊗ f˜LO(x, αs), (1.119)
whose solution is given by
f˜LO(x, α) = e
M
„
2P (0)
β0
«
⊗
fLO(x, α)
fLO(x, α) = e
L
„
−2P (0)
β0
«
⊗
f(x, α0), (1.120)
where we have introdued the ordinary LO solution fLO, expressed in terms of a typial initial
ondition f(x, α0), and the NLO reursion relations an be obtained from the expansion
fNLO(x, α) =
(
∞∑
n=0
Bn(x)
n!
Mn
)
⊗
f˜LO(x, α). (1.121)
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C00
↓ ց
C10 ← C11
↓ ց ց
C20 ← C21 C22
↓ ց ց ց
C30 ← C31 C32 C33
↓ ց ց ց ց
. . . . . . . . . . . . . . .
Table 1.1: Shemati representation of the proedure followed to ompute eah oeient Csn.
Inserting this relation into (1.22) we obtain the reursion relations
Bn+1 =
(
− 4
β1
P (1)
)
⊗Bn
B0(x) = δ(1 − x) , (1.122)
whih is solved in moment spae by
Bn(N) =
(
− 4
β1
P (1)
)n
B0(N)
B0(N) = 1. (1.123)
The solution eq. (1.121) an be re-expressed in the form
fNLO(x, α) = e
M
“
− 1
4β1
P (1)
”
⊗
e
M
„
2P (0)
β0
«
⊗
e
L
„
−2P (0)
β0
«
⊗
f(x, α0)
= e
M
„
− 1
4β1
P (1)+ 2P
(0)
β0
«
⊗
e
L
„
−2P (0)
β0
«
⊗
f(x, α0) (1.124)
whih agrees with (1.103) one a(N) and b(N) have been dened as in (1.104).
We have therefore proved that the exat NLO solution of the DGLAP equation an be
desribed by an exat ansatz. Sine the ansatz is built by inspetion, it is obvious that one
needs to know the solution in moment spae in order to reonstrut the oeients. Though
the reursive sheme used to onstrut the solution in x-spae is more omplex ompared to the
reursion relations for the trunated solution, its numerial implementation is still very stable
and very preise, reahing the same level of auray of the traditional methods based on the
inversion of the Mellin moments.
1.8 Finding the exat non-singlet NNLO solution
To identify the NNLO exat solution we proeed similarly to the NLO ase and start from the
DGLAP equation in moment spae at the orresponding perturbative order
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∂f(N,αs)
∂αs
= −
(
αs
2π
)
P (0)(N) +
(
αs
2π
)2
P (1)(N) +
(
αs
2π
)3
P (2)(N)
β0
4πα
2
s +
β1
16π2α
3
s +
β2
64π3α
4
s
f(N,αs). (1.125)
After a separation of variables, all the new logarithmi/non logarithmi and dependenes ome
from the integral ∫ αs(Q2)
αs(Q20)
dα
PNNLO(αs)
βNNLO(α)
, (1.126)
and the solution of (1.125) is
f(N,α) = f(N,α0)e
a(N)Leb(N)Mec(N)Q
= f(N,α0)
(
∞∑
n=0
a(N)n
n!
Ln
)(
∞∑
m=0
b(N)m
m!
Mm
) ∞∑
p=0
c(N)p
p!
Qp

 , (1.127)
where we have dened
L = log α
α0
, (1.128)
M = log 16π
2β0 + 4παβ1 + α
2β2
16π2β0 + 4πα0β1 + α20β2
, (1.129)
Q = 1√
4β0β2 − β21
arctan
2π(α − α0)
√
4β0β2 − β21
2π(8πβ0 + (α+ α0)β1) + αα0β2
, (1.130)
a(N) = −2P
(0)(N)
β0
, (1.131)
b(N) =
P (0)(N)
β0
− 4P
(2)(N)
β2
, (1.132)
c(N) =
2β1
β0
P (0)(N)− 8P (1)(N) + 8β1
β2
P (2)(N). (1.133)
Notie that for nf = 6 the solution has a branh point sine 4β0β2−β21 < 0. If we inrease nf as
we step up in the fatorization sale then, for nf = 6, Q is replaed by its analyti ontinuation
Q = 1√
β21 − 4β0β2
artanh
2π(α − α0)
√
β21 − 4β0β2
2π(8πβ0 + (α+ α0)β1) + αα0β2
. (1.134)
Eq. (1.127) inorporates all the nontrivial dependene on the oupling onstant αs (now deter-
mined at 3-loop level) into L,M and Q.
As a side remark we emphasize that it is also possible to obtain various NNLO exat reursion
relations using the formalism of the onvolution series introdued above. For this purpose it is
onvenient to dene suitable operatorial expressions, for instane
E1 ≡ e
R αs
α0
dαP
NLO (x,α)
βNNLO(α) ⊗ ,
E2 ≡ e
R αs
α0
dα( α2pi )
3 P (2)(x,α)
βNNLO(α)⊗ , (1.135)
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whih are manipulated under the presription that the integral in α is evaluated before that
any onvolution produt ats on the initial onditions. The re-arrangement of these operatorial
expressions is therefore quite simple and one an use simple identities suh as
J0 =
∫ αs
α0
dα
( α
2π
) P (0)(x, α)
βNNLO(α)⊗
= 2
β1
β0
QP (0)⊗ −
2
β0
LP (0)⊗ +
1
β0
MP (0)⊗ ,
J1 =
∫ αs
α0
dα
( α
2π
)2 P (1)(x, α)
βNNLO(α)⊗
= −8QP (1)⊗,
J2 =
∫ αs
α0
dα
( α
2π
)3 P (2)(x, α)
βNNLO(α)⊗
=
(
− 4
β2
M+ 8β1
β2
Q
)
P (2)⊗,
JNNLO =
∫ αs
α0
dα
PNLO(x, α)
βNNLO(α) ⊗
= Q
(
2
β1
β0
P (0) ⊗−8P (1)⊗
)
− 2
β0
LP (0) ⊗+ 1
β0
MP (0)⊗,
(1.136)
to build the NNLO exat solution using a suitable reursive algorithm. For instae, using (1.135)
one an build an intermediate solution of the equation
∂f˜NLO(x, αs)
∂αs
=
PNLO
βNNLO
f˜NLO(x, αs) (1.137)
given by
f˜NLO = E1f(x, α0), (1.138)
and then onstruts with a seond reursion the exat solution
f(x, αs) = E2f˜NLO. (1.139)
A straightforward approah, however, remains the one desribed in the previous setion, that we
are going now to extend to NNLO. In this ase, in the hoie of the reursion relations, one is
bound to equate 3 independent logarithmi powers of L,M and Q that appear in the symmetri
ansazt
f(x,Q2) =
(
∞∑
n=0
A′n(x)
n!
Ln
)
⊗
(
∞∑
m=0
B′m(x)
m!
Mm
)
⊗

 ∞∑
p=0
C ′p(x)
p!
Qp


⊗
f(x,Q20)
=
∞∑
s=0
s∑
t=0
t∑
n=0
A′n(x)⊗B′t−n(x)⊗ C ′s−t(x)
n!(t− n)!(s− t)! ⊗ f(x,Q
2
0)LnMt−nQs−t
=
∞∑
s=0
s∑
t=0
t∑
n=0
Dst,n(x)
n!(t− n)!(s− t)!L
nMt−nQs−t, (1.140)
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and where
Dst,n(x) = A
′
n(x)⊗B′t−n(x)⊗ C ′s−t(x)⊗ f(x,Q20). (1.141)
The ansatz is learly identied quite simply by inspetion, one the struture of the solution in
moment spae (1.127) is known expliitely. In (1.140) we have at a rst step re-arranged the
produt of the three series into a single series with a given total exponent s = n +m + p, and
we have introdued an index t = n+m. The triple-indexed funtion Dst,n(x) an be dened also
as an ordinary produt
Dst,n(x) = An(x)⊗Bt−n(x)⊗ Cs−t(x), (n ≤ t ≤ s), (1.142)
where we have absorbed the ⊗ operator into the denition of A, B and C,
A(x)B(x)C(x) = A′(x)⊗
[(
B′(x)⊗
(
C ′(x)⊗ f(x,Q20)
))]
. (1.143)
Setting Q = Q0 in (1.140) we get the initial ondition
f(x,Q20) = D
0
0,0(x). (1.144)
Inserting the ansatz (1.140) into the 3-loop DGLAP equation together with the beta funtion
determined at the same order and equating the oeients of α, α2 and α3, we nd the reursion
relations satised by the unknown oeients Dst,n(x)
Ds+1t+1,n+1 = −
2
β0
P (0) ⊗Dst,n, (1.145)
Ds+1t+1,n = −
1
2
Ds+1t+1,n+1 −
4
β2
P (2) ⊗Dst,n, (1.146)
Ds+1t,n = −2β1
(
Ds+1t+1,n +D
s+1
t+1,n+1
)
− 8P (1) ⊗Dst,n, (1.147)
or equivalently
Dst,n = −
2
β0
P (0) ⊗Ds−1t−1,n−1, (1.148)
Dst,n = −
1
2
Dst,n+1 −
4
β2
P (2) ⊗Ds−1t−1,n, (1.149)
Dst,n = −2β1
(
Dst+1,n +D
s
t+1,n+1
)− 8P (1) ⊗Ds−1t,n . (1.150)
In the omputation of a given oeient Dst,n, if more than one reursion relation is allowed to
determine that spei oeient, we will hoose to implement the less time onsuming path,
i.e. in the order (1.148), (1.150) and (1.149). At a xed integer s we proeed as follows: we
1. ompute all the oeients Dst,n with n 6= 0 using (1.148);
2. ompute the oeient Dss,0 using (1.149);
3. ompute the oeient Dst,0 with t 6= s using (1.150), in dereasing order in t
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D44,4
D43,3 D
4
4,3
D42,2 D
4
3,2 D
4
4,2
D41,1 D
4
2,1 D
4
3,1 D
4
4,1
ւ ւ ւ ւ ↓
D40,0 ←− D41,0 ←− D42,0 ←− D43,0 ←− D44,0
Table 1.2: Shemati representation of the proedure followed to ompute eah oeient Dst,n
for s = 4. The underlined oeients are omputed via eq. (1.148).
This omputational strategy is exemplied in the diagram in Table 1.2 for s = 4, where the
various paths are highlighted.
Following a proedure similar to the one used for the NLO ase, we an solve the reursion
relations for the NNLO ansatz with the initial onditions D00,0(x). Solving the relations (1.148-
1.150), we obtain the hain onditions
Dst,n = −
2
β0
P (0) ⊗Ds−1t−1,n−1 ⇒
Dst,n =
[
− 2
β0
P (0)
]n
⊗Ds−nt−n,0. (1.151)
Then, from the seond relation we get the additional ones
Dst,n = −
1
2
Dst,n+1 −
4
β2
P (2) ⊗Ds−1t−1,n ⇒
Ds−nt−n,0 =
[
P (0)
β0
− 4P
(2)
β2
]t−n
⊗Ds−t−2n0,0 . (1.152)
From the last relation we also obtain the relations
Dst,n = −2β1
(
Dst+1,n +D
s
t+1,n+1
)− 8P (1) ⊗Ds−1t,n ⇒
Ds−t−2n0,0 =
[
−8P (1) + 2β1
β0
P (0) +
8β1
β2
P (2)
]s−t−2n
⊗D00,0 , (1.153)
whih solve the reursion relations in x-spae in terms of the initial ondition D00,0. Finally, the
expliit expression of the Dst,n oeient will be given by
Dst,n(x) =
[
− 2
β0
P (0)
]n
⊗
[
P (0)
β0
− 4P
(2)
β2
]t−n
⊗
[
−8P (1) + 2β1
β0
P (0) + 8
β1
β2
P (2)
]s−t−2n
⊗D00,0(x).
(1.154)
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The solution of the NNLO DGLAP equation reprodued by (1.140) in Mellin spae will then be
written in the form
f(N,αs) =
∞∑
s=0
s∑
t=0
t∑
n=0
Dst,n(N)
n!(t− n)!(s− t)!L
nMt−nQs−t
=
∞∑
s=0
s∑
t=0
t∑
n=0
LnMt−nQs−t
n!(t− n)!(s− t)!
[
− 2
β0
P (0)
]n [P (0)(N)
β0
− 4P
(2)(N)
β2
]t−n
×
[
−8P (1)(N) + 2β1
β0
P (0)(N) + 8
β1
β2
P (2)(N)
]s−t−2n
D00,0(N) , (1.155)
whih is equivalent to
f(N,αs) = e
h
− 2
β0
P (0)
i
log
“
αs
α0
”
exp
{[
P (0)(N)
β0
− 4P
(2)(N)
β2
]
log
16π2β0 + 4παsβ1 + α
2
sβ2
16π2β0 + 4πα0β1 + α20β2
}
×
exp
{[
2β1
β0
P (0)(N)− 8P (1)(N) + 8β1
β2
P (2)(N)
]
×(
1√
4β0β2 − β21
arctan
2π(αs − α0)
√
4β0β2 − β21
2π(8πβ0 + (αs + α0)β1) + αsα0β2
)}
D00,0(N), (1.156)
and it reprodues the result in (1.127). In x-spae the above solution an be simply written as
f(x, αs(Q
2)) = e
h
log
“
αs
α0
”
− 2
β0
P (0)
i
⊗
exp
{
log
(
16π2β0 + 4παsβ1 + α
2
sβ2
16π2β0 + 4πα0β1 + α20β2
)[
P (0)(N)
β0
− 4P
(2)(N)
β2
]
⊗
}
exp
{(
1√
4β0β2 − β21
arctan
2π(αs − α0)
√
4β0β2 − β21
2π(8πβ0 + (αs + α0)β1) + αsα0β2
)
[
2β1
β0
P (0)(N)− 8P (1)(N) + 8β1
β2
P (2)(N)
]
⊗
}
D00,0(x). (1.157)
We have shown how to obtain exat NNLO solutions of the non-singlet equations using reursion
relations. It is lear that the solution shown above oneals all the logarithms of the oupling
onstant into more ompliated funtions of αs and therefore it performs an intrinsi resummation
of all these ontributions, as obvious, being the exat solution of the non-singlet equation at
NNLO. A numerial implementation of the reursion relations assoiated to these new funtions
of the oupling onstants, in this ase, is no dierent from the previous ases, when only funtions
of the form log(α/α0) have been onsidered, but with a faster onvergene rate.
1.9 Trunated solutions at LO and NNLO in the singlet ase
The proof of the existene of a valid logarithmi ansatz that reprodues the trunated solution of
the singlet DGLAP equation at NLO is far more involved ompared to the non singlet ase. Before
we proeed with this disussion, it is important to larify some points regarding some known
results onerning these equations in moment spae. First of all, as we have widely remarked
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before, there are no exat solutions of the singlet equations in moment spae beyond those known
at LO, due to the matrix struture of the equations. Therefore, it is no surprise that there is no
logarithmi ansatz that an't do better than to reprodue the trunated solution, sine only these
ones are available analytially in moment spae. If we knew the struture of the exat solution
in moment spae we ould onstrut an ansatz that would generate by reursion relations all
the moments of that solution, following the same strategy outlined for the non-singlet equation.
Therefore, inverting numerially the equations for the moments has no advantage whatsoever
ompared to the numerial implementation of the logarithmi series using the algorithm that
we have developed here. However, we an arbitrarily improve the logarithmi series in order to
apture higher order ontributions in the trunated solution, a feature that an be very appealing
for phenomenologial purposes.
The proof that a suitable logarithmi ansatz reprodues the trunated solution of the moments
of the singlet pdf's at NLO goes as follows.
6
1.9.1 The exat solution at LO
We start from the singlet matrix equation
∂
∂ logQ2
(
q(+)(x,Q2)
g(x,Q2)
)
=
(
Pqq(x, αs(Q
2)) Pqg(x, αs(Q
2))
Pgq(x, αs(Q
2)) Pgg(x, αs(Q
2))
)
⊗
(
q(+)(x,Q2)
g(x,Q2)
)
, (1.158)
whose well known LO solution in Mellin spae an be easily identied
~f(N,αs) = Lˆ(αs, α0, N)~f(N,α0), (1.159)
and where Lˆ(αs, α0, N) =
(
αs
α0
)Rˆ0(N)
is the evolution operator.
Diagonalizing the Rˆ0 operator, in the equation above, we an write the evolution operator
Lˆ(αs, α0, N) as
Lˆ(αs, α0, N) = e+
(
αs
α0
)r+
+ e−
(
αs
α0
)r−
, (1.160)
where r± are the eigenvalues of the matrix Rˆ0 = (−2/β0)Pˆ0 and e+ and e− are projetors [21℄,
[22℄ dened as
e± =
1
r± − r∓
[
Rˆ0 − r∓Iˆ
]
. (1.161)
Sine the e± are projetion operators, the following properties hold
e+e+ = e+ e−e− = e− e+e− = e−e+ = 0 e+ + e− = 1 . (1.162)
6
Based on the paper [79℄
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Hene it is not diult to see that
Rˆ0(N) = e+r+ + e−r− . (1.163)
It is important to note that one an write a solution of the singlet DGLAP equation in a losed
exponential form only at LO.
It is quite straightforward to reprodue this exat matrix solution at LO using a logarithmi
expansion and the assoiated reursion relations. These are obtained from the ansatz (here
written diretly in moment spae)
~f(N,αs) =
∞∑
n=0
~An(N)
n!
[
ln
(
αs
α0
)]n
, (1.164)
subjet to the initial ondition
~f(N,α0) = ~A0(N). (1.165)
Then the reursion relations beome
~An+1(N) = − 2
β0
Pˆ (0)(N) ~An(N) ≡ Rˆ0(N) ~An(N), (1.166)
and an be solved as
~An =
[
Rˆ0(N)
]n
~A0(N)
=
(
e+r
n
+ + e−r
n
−
)
~f(N,α0), (1.167)
having used eq. (1.162). Inserting this expression into eq. (1.164) we easily obtain the relations
~f(N,αs) =
∞∑
n=0
[
Rˆ0(N)
]n
n!
[
ln
(
αs
α0
)]n
~A0(N) =
(
αs
α0
)Rˆ0(N)
~f(N,α0), (1.168)
in agreement with eq. (1.159).
1.9.2 The standard NLO solution from moment spae
Moving to NLO, one an build a trunated solution in moment spae of eq. (1.158) by a series
expansion around the lowest order solution.
We start from the trunated version of the vetor equation (1.158)
∂ ~f(N,αs)
∂αs
= − 2
β0αs
[
Pˆ (0) +
αs
2π
(
Pˆ (1) − b1
2
Pˆ (0)
)]
~f(N,αs) , (1.169)
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that we re-express in the form
∂ ~f(N,αs)
∂αs
= − 1
αs
[
−Rˆ0 + αs
(
Pˆ (1)
πβ0
+
Rˆ0b1
4π
)]
~f(N,αs)
=
1
αs
[
Rˆ0 + αsRˆ1
]
~f(N,αs),
(1.170)
and with the Rˆ1 operator dened as
Rˆ1(N) = − 1
π
(
b1
4
Rˆ0(N) +
Pˆ (1)(N)
β0
)
. (1.171)
We use [21, 22℄ a trunated vetor solution of (1.170) - aurate at O(αs) - of the form
~f(N,αs) = Uˆ(αs, N) Lˆ(αs, α0, N) Uˆ
−1(α0, N) ~f(N,α0)
=
[
1 + αsUˆ1(N)
]
Lˆ(αs, α0, N)
[
1 + α0Uˆ1(N)
]−1
~f(N,α0) ,
(1.172)
where we have expanded in powers of αs the operators Uˆ(αs, N) and Uˆ
−1(α0, N). Inserting
(1.172) in eq. (1.170), we obtain the ommutation relations involving the operators Uˆ1, Rˆ0 and
Rˆ1 [
Rˆ0, Uˆ1
]
= Uˆ1 − Rˆ1, (1.173)
whih appear in the solution in Mellin spae [21, 22℄. Then, using the properties of the projetion
operators
Uˆ1 = e+Uˆ1e+ + e+Uˆ1e− + e−Uˆ1e+ + e−Uˆ1e− = Uˆ
++
1 + Uˆ
−+
1 + Uˆ
+−
1 + Uˆ
−−
1 , (1.174)
and inserting this relation in the ommutator (1.173) we easily derive the relation
Uˆ1 =
[
e+Rˆ1e+ + e−Rˆ1e−
]
− e+Rˆ1e−
r+ − r− − 1 −
e−Rˆ1e+
r− − r+ − 1 . (1.175)
Finally, expanding the term
[
1 + α0Uˆ1
]−1
in eq. (1.172) we arrive at the solution [21, 22℄
~f(N,αs) =
[
Lˆ+ αsUˆ1Lˆ− α0LˆUˆ1
]
~f(N,α0) , (1.176)
where the (αs, α0, N) dependene has been dropped. Suh solution an be put in a more readable
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form as
~f(N,αs) =
{(
αs
α0
)r+ [
e+ + (αs − α0) e+Rˆ1e++(
α0 − αs
(
αs
α0
)r−−r+) e+Rˆ1e−
r+ − r− − 1
]
+ (+↔ −)
}
~f(N,α0) , (1.177)
whih an be alled the standard NLO solution, having been introdued in the literature about
20 years ago [22℄. It is obvious that this solution is a (rst) trunated solution of the NLO singlet
DGLAP equation, with the equation trunated at the same order.
1.9.3 Reobtaining the standard NLO solution using the logarithmi expan-
sion
Having worked out the well-known NLO singlet solution in moment spae, our aim is to show
that the same solution an be reonstruted using a logarithmi ansatz. This lls a gap in the
previous literature on this types of ansatze for the QCD pdf's. To failitate our duty, we stress
one more that the type of reursion relations obtained in the non-singlet and singlet ases are
similar. In fat the matrix struture of the equations doesn't play any role in the derivation due
to the linearity of the ansatz in the (vetor) oeient funtions that appear in it.
Our NLO singlet ansatz has the form
~f(x,Q2)
NLO
=
∞∑
n=0
~An(x)
n!
[
ln
(
αs
α0
)]n
+ αs
∞∑
n=0
~Bn(x)
n!
[
ln
(
αs
α0
)]n
, (1.178)
with An and Bn now being vetors involving the singlet omponents. The reursion relations
are
~An+1(N) = Rˆ0(N) ~An(N),
~Bn+1(N) = − ~Bn(N)− b1
4π
~An+1(N) + Rˆ0(N) ~Bn(N)− 1
πβ0
Pˆ (1)(N) ~An(N), (1.179)
subjeted to the initial ondition
~f(N,α0) = ~A0(N) + α0 ~B0(N). (1.180)
The solution of (1.179) in moment spae an be easily found and is given by
~An(N) = [e+(r+)
n + e−(r−)
n] ~A0(N). (1.181)
It has to be pointed out that the
~Bn(N) vetors are bidimensional olumn vetors and they an
be deomposed in R2 orthonormal basis {e1, e2} as
~Bn(N) = e1B
(1)
n (N) + e2B
(2)
n (N) = ~B
+
n (N) + ~B
−
n (N) . (1.182)
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Also, we an re-arrange the
~Bn+1(N) relation into the form
~Bn+1(N) =
(
Rˆ0 − 1
)
~Bn(N) + Rˆ1Rˆ
n
0
~A0(N). (1.183)
The last step to follow in order to onstrut the trunated solution involves a projetion of the
reursion relations (1.183) in the basis of the projetors eˆ±, and in the basis {e1, e2}. To do this,
we separate the equations as
~Bn+1 = (e+r+ + e−r− − 1)
[
~B++n +
~B+−n +
~B−+n +
~B−−n
]
+[
Rˆ++1 + Rˆ
+−
1 + Rˆ
−+
1 + Rˆ
−−
1
] (
e+r
n
+ + e−r
n
−
)
~A0, (1.184)
where we have used the notation (not to be onfused with the previous one)
e+B
(1)
n (N)e1 =
~B++n
e+B
(2)
n (N)e2 = ~B
+−
n
e−B
(1)
n (N)e1 =
~B−+n
e−B
(2)
n (N)e2 = ~B
−−
n . (1.185)
Then, we an split the relation (1.183) in four reursion relations
~B++n+1 = (r+ − 1) ~B++n + Rˆ++1 rn+ ~A0,
~B+−n+1 = (r+ − 1) ~B+−n + Rˆ+−1 rn− ~A0,
~B−+n+1 = (r− − 1) ~B−+n + Rˆ−+1 rn+ ~A0,
~B−−n+1 = (r− − 1) ~B−−n + Rˆ−−1 rn− ~A0 . (1.186)
Finally, it is an easy task to verify that the solutions of the reursion relations at NLO are given
by
~B++n =
[
rn+ − (r+ − 1)n
]
Rˆ++1
~A0,
~B−−n =
[
rn− − (r− − 1)n
]
Rˆ−−1
~A0,
~B+−n =
[−rn− + (r+ − 1)n] Rˆ+−1r+ − r− − 1 ~A0,
~B−+n =
[−rn+ + (r− − 1)n] Rˆ−+1r− − r+ − 1 ~A0,
(1.187)
where we have expressed the nth iterate in terms of the initial onditions, and we have taken
~B0 = ~0. Summing over all the projetions, we arrive at the following expression for the NLO
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trunated solution of the singlet parton distributions
~f(N,αs) =
∞∑
n=0
Ln
n!
[
~An + αs
(
~B++n +
~B−−n +
~B−+n +
~B+−n
)]
, (1.188)
whih an be easily exponentiated to give
~f(N,αs) = e+ ~A0
(
αs
α0
)r+
+ e− ~A0
(
αs
α0
)r−
+
αs
{
e+Rˆ1e+
(
αs
α0
)r+
− e+Rˆ1e+
(
αs
α0
)(r+−1)
+
e−Rˆ1e−
(
αs
α0
)r−
− e−Rˆ1e−
(
αs
α0
)(r−−1)
+
1
(r+ − r− − 1)
[
−e+Rˆ1e−
(
αs
α0
)r−
+ e+Rˆ1e−
(
αs
α0
)(r+−1)]
+
1
(r− − r+ − 1)
[
−e−Rˆ1e+
(
αs
α0
)r+
+ e−Rˆ1e+
(
αs
α0
)(r−−1)]}
~A0 .
(1.189)
Finally, organizing the various piees we obtain exatly the solution in eq. (1.177). We have
therefore shown that the logarithmi ansatz oinides with the solution of the singlet DGLAP
equation at NLO known from the previous literature and reported in the previous setion. It
is intuitively obvious that we an build with this approah trunated solutions of higher orders
improving on the standard solution (1.177) known from moment spae, and we an do this with
any auray. However, before disussing this point in one of the following setions, we want to
show how the same strategy works at NNLO.
1.9.4 Trunated Solution at NNLO
At this point, to omplete our investigation, we need to disuss the generalization of the proedure
illustrated above to the NNLO ase. As usual, we start from a trunated version of eq. (1.158),
that at NNLO an be written as
∂ ~f(N,αs)
∂αs
=
1
αs
[
Rˆ0 + αsRˆ1 + α
2
sRˆ2
]
~f(N,αs),
(1.190)
where
Rˆ2 = − 1
π
(
ˆP (2)
2πβ0
+
Rˆ1b1
4
+
Rˆ0b2
16π
)
, (1.191)
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whose solution is expeted to be of the form [19℄
~f(N,αs) =
[
1 + αsUˆ1(N) + α
2
sUˆ2(N)
]
Lˆ(αs, α0, N)
[
1 + α0Uˆ1(N) + α
2
0Uˆ2(N)
]−1
~f(N,α0),
(1.192)
where
[
Rˆ0, Uˆ1
]
= Uˆ1 − Rˆ1,[
Rˆ0, Uˆ2
]
= −Rˆ2 − Rˆ1Uˆ1 + 2Uˆ2. (1.193)
Using the projetors e+, e− in the ± subspaes, one an remove the ommutators, obtaining
Uˆ++2 =
1
2
[
Rˆ++1 Rˆ
++
1 + Rˆ
++
2 −
Rˆ+−1 Rˆ
−+
1
r− − r+ − 1
]
,
Uˆ−−2 =
1
2
[
Rˆ−−1 Rˆ
−−
1 + Rˆ
−−
2 −
Rˆ−+1 Rˆ
+−
1
r+ − r− − 1
]
,
Uˆ+−2 =
1
r+ − r− − 2
[
−Rˆ+−1 Rˆ−−1 − Rˆ+−2 +
Rˆ++1 Rˆ
+−
1
r+ − r− − 1
]
,
Uˆ−+2 =
1
r− − r+ − 2
[
−Rˆ−+1 Rˆ++1 − Rˆ−+2 +
Rˆ−−1 Rˆ
−+
1
r− − r+ − 1
]
, (1.194)
and the formal solution from Mellin spae an be simplied to
~f(N,αs) =
[
Lˆ+ αsUˆ1Lˆ− α0LˆUˆ1
+α2sUˆ2Lˆ− αsα0Uˆ1LˆUˆ1 + α20Lˆ
(
Uˆ21 − Uˆ2
)]
~f(N,α0) . (1.195)
At this point we introdue our (1-st trunated) logarithmi ansatz that is expeted to reprodue
(1.195). Now it inludes also an innite set of new oeients
~Cn, similar to the non-singlet
NNLO ase
~f(N,αs) =
∞∑
n=0
Ln
n!
[
~An + αs ~Bn + α
2
s
~Cn
]
. (1.196)
Inserting the NNLO logarithmi ansatz into (1.190), we obtain in moment spae the reursion
relations
~An+1 = Rˆ0 ~An,
~Bn+1 =
(
Rˆ0 − 1
)
~Bn + Rˆ1Rˆ
n
0
~A0,
~Cn+1 =
(
Rˆ0 − 2
)
~Cn − b1
4π
(
~Bn + ~Bn+1
)
+
[
b1
4π
Rˆ0 + Rˆ1
]
~Bn,
+
[
Rˆ2 +
b1
4π
Rˆ1
]
Rˆn0 ~A0, (1.197)
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whose solution has to oinide with (1.195). Also in this ase, as before, we use the e± projetors
and notie that the struture of the reursion relations for the oeients An and Bn remain the
same as in NLO. Therefore, the solutions of the reursion relations for
~An and ~Bn are still given
by (1.181) and (1.187). We then have to nd only an expliit solution of the relations for the
new oeients
~Cn+1(N).
These relations an be solved in terms of
~A0, ~B0 and ~C0 with the help of (1.187). Finally,
taking
~B0 = 0 and ~C0 = 0 after a lengthy omputation we obtain the expliit solutions for the
projeted omponents
~C++n = −
1
2
Rˆ+−1 Rˆ
−+
1
(r+ − r− − 1)(r− − r+ − 1) ×[
2(r− − 1)n − (r+ − 2)n − (r+ − 2)nr+ − rn+ + rn+1+ + r−
(
(r+ − 2)n − rn+
)]
~A0
+
1
2
Rˆ++1 Rˆ
++
1
[
rn+ − 2(r+ − 1)n + (r+ − 2)n
]
~A0
+
1
2
Rˆ++2
[
rn+ − (r+ − 2)n
]
~A0,
~C−−n = −
1
2
Rˆ−+1 Rˆ
+−
1
(r+ − r− − 1)(r− − r+ − 1) ×[
2(r+ − 1)n − (r− − 2)n − (r− − 2)nr− − rn+ + rn+1+ + r+
(
(r− − 2)n − rn−
)]
~A0
+
1
2
Rˆ−−1 Rˆ
−−
1
[
rn− − 2(r− − 1)n + (r− − 2)n
]
~A0
+
1
2
Rˆ−−2
[
rn− − (r− − 2)n
]
~A0,
~C+−n =
1
2 + r2− + r−(3− 2r+)− 3r+ + r2+
[
Rˆ+−2
(
rn− − (r+ − 2)n
)
(1 + r− − r+)
−Rˆ+−1 Rˆ−−1
(
2(r− − 1)n + (r− − 1)nr− − rn+1−
−(r+ − 2)n + rn−(r+ − 1)− (r− − 1)nr+
)
+Rˆ++1 Rˆ
+−
1
(
rn− + (r+ − 2)n + r−(r+ − 2)n
−2(r+ − 1)n − r−(r+ − 1)n − r+(r+ − 2)n + r+(r+ − 1)n)] ~A0,
~C−+n =
1
2 + r2− + 3r+ + r
2
+ − r−(3 + 2r+)
[
Rˆ−+2 (r− − r+ − 1)
(
(r− − 2)n − rn+
)
−Rˆ−−1 Rˆ−+1 (−(r− − 2)n + 2(r− − 1)n + ((r− − 2)n − (r− − 1)n)r−
−(r− − 2)nr+ + (r− − 1)nr+ − rn+
)
+Rˆ−+1 Rˆ
++
1 ((r− − 2)n − 2(r+ − 1)n + r−(r+ − 1)n
−(r+ − 1)nr+ + rn+ − r−rn+ + rn+1+
)]
~A0.
(1.198)
Re-inserting these solutions into the NNLO ansatz (1.196) and after exponentiation one an
show expliitely that the logarithmi solution so obtained oinides with (1.195). Details an be
found in appendix A. In the pratial implementations of these solutions, there are two obvious
strategies that an be followed. One onsists in the implementation of the reursion relations
as we have done in various ases above: a suiently large number of iterates will onverge to
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the trunated solution (1.195). This is obtained by implementing eqs. (1.197) and inorporating
them into (1.196). A seond method onsists in the diret omputation of (1.195) in x-spae
whih beomes
~f(x, αs) =
[
Lˆ+ αsUˆ1 ⊗ Lˆ− α0Lˆ⊗ Uˆ1
+α2sUˆ2 ⊗ Lˆ− αsα0Uˆ1 ⊗ Lˆ⊗ Uˆ1 + α20Lˆ⊗
(
Uˆ1 ⊗ Uˆ1 − Uˆ2
)]
⊗ ~f(x, α0),
(1.199)
and with Lˆ now replaed by its operatorial (⊗) form
Lˆ→ eLnR0⊗ =
(
∞∑
n=0
Rn0
n!
Ln
)
⊗
. (1.200)
An implementation of (1.199) would redue its numerial evaluation to that of a sequene of LO
solutions built around artiial initial onditions given by Uˆ1 ⊗ f(x, α0), Uˆ1 ⊗ Uˆ1 ⊗ f(x, α0)
and so on.
1.10 Higher order logarithmi approximation of the NNLO sin-
glet solution
The proedure studied in the previous setion an be generalized and applied to obtain solutions
that retain higher order logarithmi ontributions in the NLO/NNLO singlet ases. The same
proedure is also the one that has been implemented in all the existing odes for the singlet:
one has to trunate the equation and then try to reah the exat solution by a suiently high
number of iterates. On the other hand, x-spae (non brute fore) implementations are, from this
respet, still lagging sine they are only based on the Rossi-Storrow formulation [3, 5℄, whih we
have analized thoroughly and largely extended in this setion.
Therefore, the only way at our disposal to reah from x-spae the exat solution is by using
higher order trunates. This is of pratial relevane sine our algorithm allows to perform
separate heks between trunated solutions of arbitrary high orders built either from Mellin or
from x-spae 7. We reall, if not obvious, that in the analysis of hadroni proesses the two
riteria of using either trunated or exat solutions are both aeptable.
To summarize: sine in the singlet ase is not possible to write down a solution of the DGLAP
equation in a losed exponential form beause of the non-ommutativity of the operators Rˆi, the
best thing we an do is to arrange the singlet DGLAP equation in the trunated form, as in
eqs. (1.170) and (1.190). The trunated vetor solutions (1.195) and (1.176) are equivalent to
those obtained using the vetor reursion relations at NLO/NNLO.
7
The urrent benhmarks available at NNLO are limited to exat solutions and do not involve omparisons
between trunated solutions
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Now, working at NNLO, we will show how the basi NNLO solution an be improved and
the higher trunates identied. Clearly, it is important to show expliitely that these trunates,
generated after solving the reursion relations, an be rewritten exatly in the form previously
known from Mellin spae. We are going to show here that this is in fat the ase, although
some of the expliit expressions for the higher order oeient funtions Cn,D
′
ns will be given
expliitely only in part. The expressions are in fat slightly lengthy
8
. Therefore, here we will
just outline the proedure and illustrate the proof up to the seond trunate of the NNLO singlet
only for the sake of larity.
The exat singlet NNLO equation in Mellin spae is given by
∂ ~f(N,αs)
∂αs
= −
(
αs
2π
)
Pˆ (0)(N) +
(
αs
2π
)2
Pˆ (1)(N) +
(
αs
2π
)3
Pˆ (2)(N)
β0
4πα
2
s +
β1
16π2
α3s +
β2
64π3
α4s
~f(N,αs)
=
PˆNNLO(N,αs)
βNNLO(αs)
~f(N,αs),
(1.201)
where we have introdued the singlet kernels. After a Taylor expansion of PˆNNLO(N,αs)/β
NNLO(αs)
up to α3s it beomes
∂ ~f(N,αs)
∂αs
=
1
αs
[
Rˆ0 − b2
(4π)2
Rˆ1 + αsRˆ1 + α
2
sRˆ2 −
b1
4π
α3sRˆ2
]
~f(N,αs), (1.202)
whih is the trunated equation of order α3s. The Rˆi (i = 0, 1, 2) operators are listed below
Rˆ0 = − 2
β0
Pˆ (0),
Rˆ1 = − Pˆ
(1)
πβ0
+
b1
2πβ0
Pˆ (0),
Rˆ2 = − Pˆ
(2)
2π2β0
+
b1
4π2β0
Pˆ (1) +
[
− b
2
1
8π2β0
+
b2
8π2β0
]
Pˆ (0). (1.203)
The formal solution of this equation an be written as [20℄,[23℄
~f(N,αs) = Tα
[
exp
{∫ αs
α0
dα′s
1
α′s
(
Rˆ0 − b2
(4π)2
Rˆ1 + α
′
sRˆ1 + α
′
s
2
Rˆ2 − b1
4π
α′s
3
Rˆ2
)}]
~f(N,α0)
= Uˆ(N,αs)Lˆ(αs, α0)Uˆ
−1(N,α0)~f(N,α0), (1.204)
where the Tα operator ats on the exponential similarly to a time-ordered produt, but this time
in the spae of the ouplings. Again, expanding the Uˆ(N,αs) and Uˆ
−1(N,α0) operators in the
8
They will be inluded in a le that will be made available in the same distribution of our ode, whih is in
preparation.
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formal solution around αs = 0 and α0 = 0, we have
~f(N,αs) =
[
Lˆ+ αsUˆ1Lˆ− α0LˆUˆ1 + α2sUˆ2Lˆ− αsα0Uˆ1LˆUˆ1 + α20Lˆ
(
Uˆ21 − Uˆ2
)
+α3sUˆ3Lˆ+ αsα
2
0Uˆ1Lˆ
(
Uˆ21 − Uˆ2
)
− α2sα0Uˆ2LˆUˆ1
−α30Lˆ
(
Uˆ31 − Uˆ1Uˆ2 − Uˆ2Uˆ1 + Uˆ3
)]
~f(N,α0). (1.205)
Inserting the expanded solution into eq. (1.205) and equating the various power of αs we arrive
at the following hain of ommutation relations
[
Rˆ0, Uˆ1
]
= Uˆ1 − Rˆ1,[
Rˆ0, Uˆ2
]
= −Rˆ2 − Rˆ1Uˆ1 + 2Uˆ2,[
Rˆ0, Uˆ3
]
=
b2
(4π)2
Rˆ1 +
b1
(4π)
Rˆ2 − Rˆ1Uˆ2 − Rˆ2Uˆ1 + 3Uˆ3. (1.206)
Removing the ommutators by the e± projetors one obtains
Uˆ++1 = Rˆ
++
1 ,
Uˆ−−1 = Rˆ
−−
1 ,
Uˆ+−1 = −
Rˆ+−1
r+ − r− − 1 ,
Uˆ−+1 = −
Rˆ−+1
r− − r+ − 1 ,
Uˆ++2 =
1
2
[
Rˆ++1 Rˆ
++
1 + Rˆ
++
2 −
Rˆ+−1 Rˆ
−+
1
r− − r+ − 1
]
,
Uˆ−−2 =
1
2
[
Rˆ−−1 Rˆ
−−
1 + Rˆ
−−
2 −
Rˆ−+1 Rˆ
+−
1
r+ − r− − 1
]
,
Uˆ+−2 =
1
r+ − r− − 2
[
−Rˆ+−1 Rˆ−−1 − Rˆ+−2 +
Rˆ++1 Rˆ
+−
1
r+ − r− − 1
]
,
Uˆ−+2 =
1
r− − r+ − 2
[
−Rˆ−+1 Rˆ++1 − Rˆ−+2 +
Rˆ−−1 Rˆ
−+
1
r− − r+ − 1
]
,
Uˆ++3 =
1
3
[
− b1
(4π)
Rˆ++1 −
b2
(4π)2
Rˆ++2 + Rˆ
+−
1 Uˆ
−+
2 + Rˆ
++
1 Uˆ
++
2 + Rˆ
+−
2 Uˆ
−+
1 + Rˆ
++
2 Uˆ
++
1
]
,
Uˆ−−3 =
1
3
[
− b1
(4π)
Rˆ−−1 −
b2
(4π)2
Rˆ−−2 + Rˆ
−+
1 Uˆ
+−
2 + Rˆ
−−
1 Uˆ
−−
2 + Rˆ
−+
2 Uˆ
+−
1 + Rˆ
−−
2 Uˆ
−−
1
]
,
Uˆ+−3 =
1
r+ − r− − 3
[
− b1
(4π)
Rˆ+−1 −
b2
(4π)2
Rˆ+−2 − Rˆ+−1 Uˆ−−2 − Rˆ++1 Uˆ+−2 − Rˆ+−2 Uˆ−−1 − Rˆ++2 Uˆ+−1
]
,
Uˆ−+3 =
1
r− − r+ − 3
[
− b1
(4π)
Rˆ−+1 −
b2
(4π)2
Rˆ−+2 − Rˆ−+1 Uˆ++2 − Rˆ−−1 Uˆ−+2 − Rˆ−+2 Uˆ++1 − Rˆ−−2 Uˆ−+1
]
.
(1.207)
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As one an see, the Uˆ3 operator is expressed in terms of the kernels P
(0), Pˆ (1) and Pˆ (2). One an
prove that by imposing a higher order ansatz in Mellin spae of the form
~˜
f(N,αs) =
∞∑
n=0
Ln
n!
[
~An(N) + αs ~Bn(N) + α
2
s
~Cn(N) + α
3
s
~Dn(N)
]
, (1.208)
the solution (1.205) is generated. The vetor reursion relations in this ase beome
~An+1 = − 2
β0
Pˆ (0) ~An,
~Bn+1 = − ~Bn − 1
πβ0
Pˆ (1) ~An − β1
πβ0
~An+1 − 2
β0
Pˆ (0) ~Bn,
~Cn+1 = − 1
2π2β0
Pˆ (2) ~An − β2
(4π)2β0
~An+1 − 1
πβ0
Pˆ (1) ~Bn,
− β1
4πβ0
~Bn − β1
4πβ0
~Bn+1 − 2
β0
Pˆ (0) ~Cn − 2~Cn,
~Dn+1 = − 1
2π2β0
Pˆ (2) ~Bn − β2
(4π)2β0
~Bn − β2
(4π)2β0
~Bn+1 − 1
πβ0
Pˆ (1) ~Cn
− β1
2πβ0
~Cn − β1
(4π)β0
~Cn+1 − 2
β0
Pˆ (0) ~Dn − 3~Dn. (1.209)
Applying the properties of the e± operators and deomposing into the {e1, e2} basis, we projet
out the
~B±n+1,
~C±n+1 . . . omponents of these relations, and imposing the initial onditions
~B0 =
~C0 = ~D0 = 0 together with
~f(N,α0) = ~A0 , (1.210)
we obtain the expliit form of
~˜f(N,αs). In order to onstrut the
~˜f(N,αs) solution, the four
± projetions of ~Dn+1 must be solved with respet to ~A0(N), sine the other projetions ~B±n ,
~C±n are already known. A diret omputation shows that the struture of the solution an be
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organized as follows in terms of the omponents of Ri
~D++n (N) = W1(Rˆ
++3
1 , r+, r−, N,
~A0) +W2(Rˆ
+−
1 Rˆ
−+
1 Rˆ
++
1 , r+, r−, N,
~A0)
+W3(Rˆ
+−
1 Rˆ
−−
1 Rˆ
−+
1 , r+, r−, N,
~A0) +W4(Rˆ
++
1 Rˆ
+−
1 Rˆ
−+
1 , r+, r−, N,
~A0)
+W5(Rˆ
++
1 Rˆ
++
2 , r+, r−, N,
~A0) +W6(Rˆ
++
2 Rˆ
++
1 , r+, r−, N,
~A0)
+W7(Rˆ
+−
1 Rˆ
−+
2 , r+, r−, N,
~A0) +W8(Rˆ
+−
2 Rˆ
−+
1 , r+, r−, N,
~A0)
+W9(Rˆ
++
1 , r+, r−, N,
~A0) +W10(Rˆ
++
2 , r+, r−, N,
~A0),
~D−−n (N) = W1(Rˆ
−− 3
1 , r+, r−, N,
~A0) +W2(Rˆ
−+
1 Rˆ
+−
1 Rˆ
−−
1 , r+, r−, N,
~A0)
+W3(Rˆ
−+
1 Rˆ
++
1 Rˆ
+−
1 , r+, r−, N,
~A0) +W4(Rˆ
−−
1 Rˆ
−+
1 Rˆ
+−
1 , r+, r−, N,
~A0)
+W5(Rˆ
−−
1 Rˆ
−−
2 , r+, r−, N,
~A0) +W6(Rˆ
−−
2 Rˆ
−−
1 , r+, r−, N,
~A0)
+W7(Rˆ
−+
1 Rˆ
+−
2 , r+, r−, N,
~A0) +W8(Rˆ
−+
2 Rˆ
+−
1 , r+, r−, N,
~A0)
+W9(Rˆ
−−
1 , r+, r−, N,
~A0) +W10(Rˆ
−−
2 , r+, r−, N,
~A0),
~D+−n (N) = Z1(Rˆ
++
1 Rˆ
+−
1 Rˆ
−−
1 , r+, r−, N,
~A0) + Z2(Rˆ
++
1 Rˆ
++
1 Rˆ
+−
1 , r+, r−, N,
~A0)
+Z3(Rˆ
+−
1 Rˆ
−−
1 Rˆ
−−
1 , r+, r−, N,
~A0) + Z4(Rˆ
+−
1 Rˆ
−+
1 Rˆ
+−
1 , r+, r−, N,
~A0)
+Z5(Rˆ
+−
1 Rˆ
−−
2 , r+, r−, N,
~A0) + Z6(Rˆ
+−
2 Rˆ
−−
1 , r+, r−, N,
~A0)
+Z7(Rˆ
++
1 Rˆ
+−
2 , r+, r−, N,
~A0) + Z8(Rˆ
++
2 Rˆ
+−
1 , r+, r−, N,
~A0)
+Z9(Rˆ
+−
1 , r+, r−, N,
~A0) + Z10(Rˆ
+−
2 , r+, r−, N,
~A0),
~D−+n (N) = Z1(Rˆ
−−
1 Rˆ
−+
1 Rˆ
++
1 , r+, r−, N,
~A0) + Z2(Rˆ
−−
1 Rˆ
−−
1 Rˆ
−+
1 , r+, r−, N,
~A0)
+Z3(Rˆ
−+
1 Rˆ
++
1 Rˆ
++
1 , r+, r−, N,
~A0) + Z4(Rˆ
−+
1 Rˆ
+−
1 Rˆ
−+
1 , r+, r−, N,
~A0)
+Z5(Rˆ
−+
1 Rˆ
++
2 , r+, r−, N,
~A0) + Z6(Rˆ
−+
2 Rˆ
++
1 , r+, r−, N,
~A0)
+Z7(Rˆ
−−
1 Rˆ
−+
2 , r+, r−, N,
~A0) + Z8(Rˆ
−−
2 Rˆ
−+
1 , r+, r−, N,
~A0)
+Z9(Rˆ
−+
1 , r+, r−, N,
~A0) + Z10(Rˆ
−+
2 , r+, r−, N,
~A0),
(1.211)
where we used the notation Rˆ++31 = Rˆ
++
1 Rˆ
++
1 Rˆ
++
1 . The expressions of the funtions W and Z's
an be extrated by a symboli manipulation of the oeients
~D++n . We have inluded one of
the projetions for ompleteness in an appendix for the interested reader.
In x-spae, the struture of the (2nd) trunated (or α3s) NNLO solution an be expressed as
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a sequene of onvolution produts of the form
~fNNLOO(α3s) (x, αs) =
[
Lˆ(x) + αsUˆ1(x)⊗ Lˆ(x)− α0Lˆ(x)⊗ Uˆ1(x) + α2sUˆ2(x)⊗ Lˆ(x)
−αsα0Uˆ1(x)⊗ Lˆ(x)⊗ Uˆ1(x) + α20Lˆ(x)⊗
(
Uˆ1(x)⊗ Uˆ1(x)− Uˆ2(x)
)
+α3sUˆ3(x)⊗ Lˆ(x) + αsα20Uˆ1(x)⊗ Lˆ(x)⊗
(
Uˆ1(x)⊗ Uˆ1(x)− Uˆ2(x)
)
−α2sα0Uˆ2(x)⊗ Lˆ(x)⊗ Uˆ1(x)− α30Lˆ(x)⊗(
Uˆ1(x)⊗ Uˆ1(x)⊗ Uˆ1(x)− Uˆ1(x)⊗ Uˆ2(x)− Uˆ2(x)⊗ Uˆ1(x) + Uˆ3(x)
)]
⊗ ~f(x, α0),
(1.212)
and is reprodued by the α3s logarithmi expansion
~˜
f(x, αs) =
∞∑
n=0
Ln
n!
[
~An(x) + αs ~Bn(x) + α
2
s
~Cn(x) + α
3
s
~Dn(x)
]
, (1.213)
with the initial ondition
~f(x, α0) = ~A0(x). (1.214)
The study of higher order trunates is performed numerially with the implementation of the
generalized reursion relations (1.90) given in the previous setions.
1.11 Comparison with existing programs
In this setion we present a numerial test of our solution algorithm. For this aim, we ompare
the results of a omputer program that implements our method with the results of QCD-Pegasus
[2℄, a PDF evolution program based on Mellin-spae inversion, whih has been used by the QCD
Working Group to set some benhmark results [24, 25℄. In the following, we refer to these results
as to the benhmark.
In the tables we are going to show in this hapter, we set the renormalization and fatorization
sales to be equal, and we adopt the xed avor number sheme. The nal evolution sale is
µ2F = 10
4
GeV
2
. We limit ourselves to this ase beause it is enough to test the reliability of
our method. A more lenghty and detailed analysis, whih will take into aount many other
ases with renormalization sale dependene and variable avor number sheme, is planned to
be presented for the future.
As in the published benhmarks, we start the evolution at µ2F,0 = 2GeV
2
, where the test
input distributions, regardless of the perturbative order, are parametrized by the following toy
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model
xuv(x) = 5.107200x
0.8(1− x)3
xdv(x) = 3.064320x
0.8(1− x)4
xg(x) = 1.700000x−0.1(1− x)5
xd¯(x) = 0.1939875x−0.1(1− x)6
xu¯(x) = (1− x)xd¯(x)
xs(x) = xs¯(x) = 0.2x(u¯+ d¯)(x) (1.215)
and the running oupling has the value
αs(µ
2
R,0 = 2GeV
2) = 0.35. (1.216)
We remind that qv = q − q¯, q+ = q + q¯, L± = d¯ ± u¯. Our results are obtained using the exat
solution method for the nonsinglet and the LO singlet, and the κ-th trunate method for the
NLO and NNLO singlet, with κ = 10. In eah entry in the tables, the rst number is our result
and the seond is the dierene between our results and the benhmark.
In Table 1.3 we ompare our results at leading order with the results reported in Table 2 of
[24℄. The agreement is exellent for any value of x for the nonsinglet (xuv and xdv); regarding
the singlet (xg olumn), the agreement is exellent exept at very high x: we have a sizeable
dierene at x = 0.9. In Table 1.4 we analyze the next-to-leading order evolution; the results
for the proposed benhmarks are reported in Table 3 of [24℄. The agreement is very good for
any value of x for the nonsinglet; for the singlet the agreement is good, exept at very high x
(x = 0.9).
Moving to the NNLO ase (Table 1.5, the benhmarks are shown in Table 14 of [25℄), some
omments are in order. We don't solve the non-singlet equation as in PEGASUS, sine (1.125)
admits an exat solution (1.127), whih in PEGASUS is obtained only by iteration of trunated
solutions. Our implementation is based on the exat solution presented in this thesis. The
disrepany between our results and PEGASUS are of the order of few perent, and they beome
large in the gluon ase at x = 0.9, as for the lower orders. Another omments should be made
for the sea asimmetry of the s quark, whih is nonvanishing at NNLO. In this ase we have a
sizeable relative disrepany for any value of x (reported in the olumn xsv), but it is evident
that this asymmetry is quite small, espeially if ompared with the olumn xs+, whose entries are
several orders of magnitude larger. This means that xs and xs¯ should be omparable and their
dierene therefore pretty small. We have to notie that xsv annot be omputed diretly by a
single evolution equation. Indeed, it is omputed by a dierene between very lose numbers, a
proedure that amplies the relative error.
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LO, nf = 4, µ
2
F = µ
2
R = 10
4
GeV
2
x xuv xdv xL− 2xL+ xs+ xc+ xg
10−7 5.7722 · 10−5 3.4343 · 10−5 7.6527 · 10−7 9.9465 · 10+1 4.8642 · 10+1 4.7914 · 10+1 1.3162 · 10+3
0.0000 · 10−5 0.0000 · 10−5 0.0000 · 10−7 0.0000 · 10+1 0.0000 · 10+1 0.0000 · 10+1 0.0000 · 10+3
10−6 3.3373 · 10−4 1.9800 · 10−4 5.0137 · 10−6 5.0259 · 10+1 2.4263 · 10+1 2.3685 · 10+1 6.0008 · 10+2
0.0000 · 10−4 0.0000 · 10−4 0.0000 · 10−6 0.0000 · 10+1 0.0000 · 10+1 0.0000 · 10+1 0.0000 · 10+2
10−5 1.8724 · 10−3 1.1065 · 10−3 3.1696 · 10−5 2.4378 · 10+1 1.1501 · 10+1 1.1042 · 10+1 2.5419 · 10+2
0.0000 · 10−3 0.0000 · 10−3 0.0000 · 10−5 0.0000 · 10+1 0.0000 · 10+1 0.0000 · 10+1 0.0000 · 10+2
10−4 1.0057 · 10−2 5.9076 · 10−3 1.9071 · 10−4 1.1323 · 10+1 5.1164 · 10+0 4.7530 · 10+0 9.7371 · 10+1
0.0000 · 10−2 0.0000 · 10−3 0.0000 · 10−4 0.0000 · 10+1 0.0000 · 10+0 0.0000 · 10+0 0.0000 · 10+1
10−3 5.0392 · 10−2 2.9296 · 10−2 1.0618 · 10−3 5.0324 · 10+0 2.0918 · 10+0 1.8089 · 10+0 3.2078 · 10+1
0.0000 · 10−2 0.0000 · 10−2 0.0000 · 10−3 0.0000 · 10+0 0.0000 · 10+0 0.0000 · 10+0 0.0000 · 10+1
10−2 2.1955 · 10−1 1.2433 · 10−1 4.9731 · 10−3 2.0433 · 10+0 7.2814 · 10−1 5.3247 · 10−1 8.0546 · 10+0
0.0000 · 10−1 0.0000 · 10−1 0.0000 · 10−3 0.0000 · 10+0 0.0000 · 10−1 0.0000 · 10−1 0.0000 · 10+0
0.1 5.7267 · 10−1 2.8413 · 10−1 1.0470 · 10−2 4.0832 · 10−1 1.1698 · 10−1 5.8864 · 10−2 8.8766 · 10−1
0.0000 · 10−1 0.0000 · 10−1 0.0000 · 10−2 0.0000 · 10−1 0.0000 · 10−1 0.0000 · 10−2 0.0000 · 10−1
0.3 3.7925 · 10−1 1.4186 · 10−1 3.3029 · 10−3 4.0165 · 10−2 1.0516 · 10−2 4.1380 · 10−3 8.2676 · 10−2
0.0000 · 10−1 0.0000 · 10−1 0.0000 · 10−3 0.0000 · 10−2 0.0000 · 10−2 +0.0001 · 10−3 0.0000 · 10−2
0.5 1.3476 · 10−1 3.5364 · 10−2 4.2815 · 10−4 2.8624 · 10−3 7.3137 · 10−4 2.6481 · 10−4 7.9242 · 10−3
0.0000 · 10−1 0.0000 · 10−2 0.0000 · 10−4 0.0000 · 10−3 −0.0001 · 10−4 0.0000 · 10−4 +0.0002 · 10−3
0.7 2.3123 · 10−2 3.5943 · 10−3 1.5868 · 10−5 6.8970 · 10−5 1.7730 · 10−5 6.5593 · 10−6 3.7301 · 10−4
0.0000 · 10−2 0.0000 · 10−3 0.0000 · 10−5 +0.0009 · 10−5 +0.0005 · 10−5 +0.0044 · 10−6 −0.0010 · 10−4
0.9 4.3443 · 10−4 2.2287 · 10−5 1.1042 · 10−8 3.3030 · 10−8 8.5607 · 10−9 3.2577 · 10−9 1.3887 · 10−6
0.0000 · 10−4 0.0000 · 10−5 0.0000 · 10−8 −0.3263 · 10−8 −0.1631 · 10−8 −1.6316 · 10−9 +0.2969 · 10−6
Table 1.3: Comparison between our and the benhmark results at LO. In eah entry, the rst number is our result and the seond one is the
dierene between our result and the benhmark. The benhmark values are reported in Table 2 of [24℄
64
1
.
1
1
.
C
o
m
p
a
r
i
s
o
n
w
i
t
h
e
x
i
s
t
i
n
g
p
r
o
g
r
a
m
s
NLO, nf = 4, µ
2
F = µ
2
R = 10
4
GeV
2
x xuv xdv xL− 2xL+ xs+ xc+ xg
10−7 1.0620 · 10−4 6.2353 · 10−5 4.2455 · 10−6 1.3710 · 10+2 6.7469 · 10+1 6.6750 · 10+1 1.1517 · 10+3
+0.0004 · 10−4 +0.0025 · 10−5 +0.0015 · 10−6 +0.0112 · 10+2 +0.0556 · 10+1 +0.0555 · 10+1 +0.0034 · 10+3
10−6 5.4196 · 10−4 3.1730 · 10−4 1.9247 · 10−5 6.8896 · 10+1 3.3592 · 10+1 3.3021 · 10+1 5.4048 · 10+2
+0.0019 · 10−4 +0.0011 · 10−4 +0.0006 · 10−5 +0.0500 · 10+1 +0.0250 · 10+1 +0.0250 · 10+1 +0.0137 · 10+2
10−5 2.6878 · 10−3 1.5682 · 10−3 8.3598 · 10−5 3.2936 · 10+1 1.5788 · 10+1 1.5335 · 10+1 2.3578 · 10+2
+0.0008 · 10−3 +0.0005 · 10−3 +0.0023 · 10−5 +0.0208 · 10+1 +0.0103 · 10+1 +0.0104 · 10+1 +0.0050 · 10+2
10−4 1.2844 · 10−2 7.4576 · 10−3 3.4919 · 10−4 1.4824 · 10+1 6.8744 · 10+0 6.5156 · 10+0 9.3026 · 10+1
+0.0003 · 10−2 +0.0018 · 10−3 +0.0008 · 10−4 +0.0078 · 10+1 +0.0389 · 10+0 +0.0387 · 10+0 +0.0154 · 10+1
10−3 5.7937 · 10−2 3.3343 · 10−2 1.4164 · 10−3 6.1899 · 10+0 2.6783 · 10+0 2.4001 · 10+0 3.1540 · 10+1
+0.0011 · 10−2 +0.0006 · 10−2 +0.0002 · 10−3 +0.0251 · 10+0 +0.0124 · 10+0 +0.0123 · 10+0 +0.0038 · 10+1
10−2 2.3029 · 10−1 1.2930 · 10−1 5.3258 · 10−3 2.2587 · 10+0 8.4518 · 10−1 6.5540 · 10−1 8.1120 · 10+0
+0.0003 · 10−1 +0.0002 · 10−1 +0.0007 · 10−3 +0.0060 · 10+0 +0.0298 · 10−1 +0.0294 · 10−1 +0.0054 · 10+0
0.1 5.5456 · 10−1 2.7338 · 10−1 1.0012 · 10−2 3.9392 · 10−1 1.1517 · 10−1 6.0619 · 10−2 8.9872 · 10−1
+0.0004 · 10−1 +0.0002 · 10−1 +0.0001 · 10−2 +0.0056 · 10−1 +0.0028 · 10−1 +0.0268 · 10−2 +0.0005 · 10−1
0.3 3.5395 · 10−1 1.3158 · 10−1 3.0363 · 10−3 3.5884 · 10−2 9.2210 · 10−3 3.4066 · 10−3 8.3415 · 10−2
+0.0002 · 10−1 0.0000 · 10−1 +0.0001 · 10−3 +0.0036 · 10−2 +0.0180 · 10−3 +0.0176 · 10−3 −0.0036 · 10−2
0.5 1.2271 · 10−1 3.1968 · 10−2 3.8266 · 10−4 2.4149 · 10−3 5.8539 · 10−4 1.7068 · 10−4 8.0412 · 10−3
0.0000 · 10−1 +0.0001 · 10−2 +0.0001 · 10−4 +0.0023 · 10−3 +0.0115 · 10−4 +0.0113 · 10−4 −0.0061 · 10−3
0.7 2.0429 · 10−2 3.1474 · 10−3 1.3701 · 10−5 5.3703 · 10−5 1.2432 · 10−5 2.8201 · 10−6 3.8654 · 10−4
0.0000 · 10−2 +0.0001 · 10−3 0.0000 · 10−5 +0.0081 · 10−5 +0.0039 · 10−5 +0.0394 · 10−6 −0.0067 · 10−4
0.9 3.6097 · 10−4 1.8317 · 10−5 8.9176 · 10−9 1.6196 · 10−8 1.6717 · 10−9 −2.6084 · 10−9 1.8308 · 10−6
+0.0001 · 10−4 0.0000 · 10−5 −0.0054 · 10−9 −0.4724 · 10−8 −2.3673 · 10−9 −2.3681 · 10−9 +0.6181 · 10−6
Table 1.4: Same as in Table 1.3 in the NLO ase. The benhmark values are reported in Table 3 of [24℄
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NNLO, nf = 4, µ
2
F = µ
2
R = 10
4
GeV
2
x xuv xdv xL− 2xL+ xsv xs+ xc+ xg
10−7 1.4069 · 10−4 9.0435 · 10−5 5.5759 · 10−6 1.4184 · 10+2 1.9569 · 10−5 6.9844 · 10+1 6.9127 · 10+1 1.0519 · 10+3
−0.1218 · 10−4 −0.1201 · 10−4 −0.1259 · 10−6 +0.0994 · 10+2 −1.1868 · 10−5 +0.4967 · 10+1 +0.4966 · 10+1 +0.0543 · 10+3
10−6 6.5756 · 10−4 4.0826 · 10−4 2.4722 · 10−5 7.1794 · 10+1 5.8862 · 10−5 3.5043 · 10+1 3.4474 · 10+1 5.1093 · 10+2
−0.3420 · 10−4 −0.3458 · 10−4 −0.0688 · 10−5 +0.3295 · 10+1 −3.5417 · 10−5 +0.1646 · 10+1 +0.1646 · 10+1 +0.1969 · 10+2
10−5 3.0260 · 10−3 1.8199 · 10−3 1.0393 · 10−4 3.4373 · 10+1 1.4230 · 10−4 1.6509 · 10+1 1.6057 · 10+1 2.2899 · 10+2
−0.0721 · 10−3 −0.0775 · 10−3 −0.0326 · 10−4 +0.0902 · 10+1 −0.8560 · 10−4 +0.0450 · 10+1 +0.0450 · 10+1 +0.0602 · 10+2
10−4 1.3656 · 10−2 8.0052 · 10−3 4.1299 · 10−4 1.5403 · 10+1 2.2837 · 10−4 7.1661 · 10+0 6.8085 · 10+0 9.2125 · 10+1
−0.0066 · 10−2 −0.0967 · 10−3 −0.1259 · 10−4 +0.0199 · 10+1 −1.3807 · 10−4 +0.0991 · 10+0 +0.0988 · 10+0 +0.1457 · 10+1
10−3 5.9360 · 10−2 3.4135 · 10−2 1.5650 · 10−3 6.3657 · 10+0 8.9572 · 10−5 2.7684 · 10+0 2.4913 · 10+0 3.1592 · 10+1
+0.0200 · 10−2 +0.0085 · 10−2 −0.0358 · 10−3 +0.0427 · 10+0 −0.5522 · 10−4 +0.0210 · 10+0 +0.0209 · 10+0 +0.0243 · 10+1
10−2 2.3139 · 10−1 1.2958 · 10−1 5.5064 · 10−3 2.2868 · 10+0 −3.5702 · 10−4 8.6094 · 10−1 6.7224 · 10−1 8.1503 · 10+0
+0.0061 · 10−1 +0.0039 · 10−1 −0.0624 · 10−3 +0.0116 · 10+0 +2.1611 · 10−4 +0.0592 · 10−1 +0.0601 · 10−1 +0.0122 · 10+0
0.1 5.5125 · 10−1 2.7142 · 10−1 9.9834 · 10−3 3.9119 · 10−1 −1.9045 · 10−4 1.1453 · 10−1 6.0520 · 10−2 8.9909 · 10−1
−0.0052 · 10−1 −0.0023 · 10−1 −0.0040 · 10−2 +0.0100 · 10−1 +1.1582 · 10−4 +0.0067 · 10−1 +0.0747 · 10−2 −0.0654 · 10−1
0.3 3.5017 · 10−1 1.3005 · 10−1 3.0025 · 10−3 3.4975 · 10−2 −1.9830 · 10−5 8.8758 · 10−3 3.1421 · 10−3 8.3041 · 10−2
−0.0054 · 10−1 −0.0020 · 10−1 −0.0073 · 10−3 −0.0383 · 10−2 +1.2061 · 10−5 −0.1722 · 10−3 −0.1640 · 10−3 −0.1145 · 10−2
0.5 1.2099 · 10−1 3.1485 · 10−2 3.7667 · 10−4 2.1876 · 10−3 −1.6924 · 10−6 4.8155 · 10−4 7.4120 · 10−5 7.9784 · 10−3
−0.0018 · 10−1 −0.0043 · 10−2 −0.0075 · 10−4 −0.1991 · 10−3 +1.0291 · 10−6 −0.9810 · 10−4 −0.9758 · 10−4 −0.1342 · 10−3
0.7 2.0052 · 10−2 3.0849 · 10−3 1.3411 · 10−5 1.5984 · 10−5 −6.2854 · 10−8 −6.1500 · 10−6 −1.5545 · 10−5 3.8226 · 10−4
−0.0025 · 10−2 −0.0037 · 10−3 −0.0023 · 10−5 −3.8260 · 10−5 +0.3821 · 10−7 −1.9084 · 10−5 −1.9075 · 10−5 −0.0722 · 10−4
0.9 3.5078 · 10−4 1.7767 · 10−5 8.6326 · 10−9 −6.4293 · 10−7 −9.1828 · 10−11 −3.2776 · 10−7 −3.3190 · 10−7 1.9280 · 10−6
−0.0033 · 10−4 −0.0016 · 10−5 −0.0184 · 10−9 −6.6986 · 10−7 +0.5579 · 10−10 −3.3487 · 10−7 −3.3487 · 10−7 +0.7144 · 10−6
Table 1.5: Same as in Table 1.3 in the NNLO ase. The benhmark values are reported in Table 14 of [25℄
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1.12 Future objetives
We have shown that logarithmi expansions identied in x-spae and implemented in this spae
arry the same information as the solution of evolution equations in Mellin spae. This has been
obtained by the introdution of new and generalized expansions that we expet to be very useful
in order to establish benhmarks for the evolution of the pdf's at the LHC. Our analysis has
been presented up to NNLO. We have also shown how exat expansions an be derived. We have
presented analytial proofs of the equivalene and laried the role of previous similar analysis
whih were quite limited in their reah. We have also presented a numerial omparison of our
results against those obtained using PEGASUS, for a spei setting. The overall agreement,
as we have seen, is very good down to very small x-values. One future objetive will be a more
detailed analysis based on the numerial implementation of our results with various omparisons
between our approah and other approahes with dierent set up.
There are several issues whih are still unlear in this area and onern the role of the
NNLO eets in the evolution and in the hard satterings, the role of the theoretial errors in
the determination of the pdf's, whether they dominate over the NNLO eets or not, and the
impat of the hoies of various trunations in the determination of the numerial solution of the
pdf's, along the lines of our work. Similar analysis an be performed by other methods, but we
think that it is important, in the searh for preise determination of ross setions at the LHC,
to state learly whih algorithm is implemented and what auray is retained, with a partiular
attention to the issues onneted to the resummation of the perturbative expansion [26℄. Our
work, here, has been limited to a (xed order) NNLO analysis. We hope that our analysis has
shown that x-spae approahes have a very solid base and provide a simple view on the struture
of the solutions of the DGLAP equations, valid to all orders.
1.13 Appendix A. Derivation of the reursion relations at NNLO
As an illustration we have inluded here a derivation of the reursion relations for the rst
trunated ansatz of O(α2s) that appears at NNLO.
Inserting the NNLO trunated ansatz for the solution into the DGLAP equation we get at
the left-hand-side of the dening equation
∞∑
n=1
{
An(x)
n!
nLn−1
β(αs)
αs
+ αs
Bn(x)
n!
nLn−1
β(αs)
αs
+α2s
Cn(x)
n!
nLn−1
β(αs)
αs
}
+
∞∑
n=0
{
β(αs)
Bn(x)
n!
Ln + 2αsβ(αs)
Cn(x)
n!
Ln
}
. (1.217)
Note that the rst sum starts at n = 1, beause the n = 0 term in (1.217) does not have a Q2
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dependene. Sending n → n + 1 in the rst sum, using the three-loop expansion of the beta
funtion (1.2) and negleting all the terms of order α4s or higher, the previous formula beomes
∞∑
n=0
{
An+1(x)
n!
Ln
(
−β0
4π
αs − β1
16π2
α2s −
β2
64π3
α3s
)
+
Bn+1(x)
n!
Ln
(
−β0
4π
α2s −
β1
16π2
α3s
)
+
Cn+1(x)
n!
Ln
(
−β0
4π
α3s
)
+
Bn(x)
n!
Ln
(
−β0
4π
α2s −
β1
16π2
α3s
)
+ 2
Cn(x)
n!
Ln
(
−β0
4π
α3s
)}
. (1.218)
At this point we use the NNLO expansion of the kernels. We get at the right-hand-side of the
dening equation
∞∑
n=0
Ln
n!
{
αs
2π
[
P (0) ⊗An
]
(x) +
α2s
4π2
[
P (1) ⊗An
]
(x)
+
α3s
8π3
[
P (2) ⊗An
]
(x) +
α2s
2π
[
P (0) ⊗Bn
]
(x)
+
α3s
4π2
[
P (1) ⊗Bn
]
(x) +
α3s
2π
[
P (0) ⊗ Cn
]
(x)
}
. (1.219)
Equating (1.218) and (1.219) term by term and grouping the terms proportional respetively to
αs, α
2
s and α
3
s we get the three desired reursion relations (1.61). Setting Q = Q0 in (1.58) we
get
f(x,Q20) = A0(x) + αs(Q
2
0)B0(x) +
(
αs(Q
2)
)2
C0(x). (1.220)
We have seen that the initial onditions should be hosen as
B0(x) = C0(x) = 0, f(x,Q
2
0) = A0(x) (1.221)
in order to reprodue the moments of the trunated solution of the DGLAP equation.
1.14 Appendix B. NNLO singlet trunated solution
Putting all the projetions of the oeients
~Cn into the NNLO singlet ansatz we get
~f(N,αs) =
∞∑
n=0
Ln
n!
[
~An + αs
(
~B++n + ~B
−−
n + ~B
−+
n + ~B
+−
n
)
+α2s
(
~C++n + ~C
−−
n + ~C
−+
n + ~C
+−
n
)]
, (1.222)
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and exponentiating
~f(N,αs) = e+ ~A0
(
αs
α0
)r+
+ e
−
~A0
(
as
α0
)r
−
+
αs
{
e+Rˆ1e+
(
αs
α0
)r+
− e+Rˆ1e+
(
αs
α0
)(r+−1)
+
e
−
Rˆ1e−
(
αs
α0
)r
−
− e
−
Rˆ1e−
(
αs
α0
)(r
−
−1)
+
1
(r+ − r− − 1)
[
−e+Rˆ1e−
(
αs
α0
)r
−
+ e+Rˆ1e−
(
αs
α0
)(r+−1)]
+
1
(r
−
− r+ − 1)
[
−e
−
Rˆ1e+
(
αs
α0
)r+
+ e
−
Rˆ1e+
(
αs
α0
)(r
−
−1)
]}
~A0
+α2s
{(
αs
α0
)r+ [ 1
2α2s
(
e+Rˆ1e+Rˆ1e+(α0 − αs)2 − e+Rˆ2e+(α20 − α2s)
)
+αsα0
e+Rˆ1e−Rˆ1e+
α2s((r− − r+)2 − 1)
(
αs
α0
)r
−
−r+
+e+Rˆ1e−Rˆ1e+
(
(r
−
− r+ − 1)α20 + (r+ − r− − 1)α2s
)
2α2s((r− − r+)2 − 1)
]}
~A0
+α2s
{(
αs
α0
)r
−
[
1
2α2s
(
e
−
Rˆ1e−Rˆ1e−(α0 − αs)2 − e−Rˆ2e−(α20 − α2s)
)
+αsα0
e
−
Rˆ1e+Rˆ1e−
α2s((r− − r+)2 − 1)
(
αs
α0
)r+−r−
+e
−
Rˆ1e+Rˆ1e−
(
(r+ − r− − 1)α20 + (r− − r+ − 1)α2s
)
2α2s((r− − r+)2 − 1)
]}
~A0
+α2s


(
αs
α0
)r+  e+Rˆ1e−Rˆ1e−α20
α2s(1 + r− − r+)(2 + r− − r+)
+
(
e+Rˆ1e+Rˆ1e− − e+Rˆ2e−
)
α20
α2s(2 + r− − r+)
+
e+Rˆ1e+Rˆ1e−α0
αs(1 + r− − r+)
]
+
(
αs
α0
)r
−

 e+Rˆ1e+Rˆ1e−
(1 + r
−
− r+)(2 + r− − r+) +
(
e+Rˆ2e− + e+Rˆ1e−Rˆ1e−
)
(2 + r
−
− r+)
− e+Rˆ1e−Rˆ1e−α0
αs(1 + r− − r+)
]}
~A0
+α2s


(
αs
α0
)r
−

 e−Rˆ1e+Rˆ1e+α20
(r
−
− r+ − 1)(r− − r+ − 2)α2s
+
(
e
−
Rˆ2e+ − e−Rˆ1e−Rˆ1e+
)
α20
(r
−
− r+ − 2)α2s
+
e
−
Rˆ1e−Rˆ1e+α0
(r
−
− r+ − 1)αs
]
(
αs
α0
)r+  e−Rˆ1e−Rˆ1e+
(r
−
− r+ − 1)(r− − r+ − 2) −
(
e
−
Rˆ1e+Rˆ1e+ + e−Rˆ2e+
)
(r
−
− r+ − 2)
+
e
−
Rˆ1e+Rˆ1e+α0
(r
−
− r+ − 1)αs
]}
~A0
(1.223)
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This expression is equivalent to that obtained from eq. (1.195). Projeting over all the ±
omponents, and formally introduing the quantities ~q(N,αs)
++, ~q(N,αs)
+−, . . . , we an write
~q(N,αs)
++
=
(
αs
α0
)r+ {
e+ + (αs − α0)e+Rˆ1e+ + α2s
1
2
[
e+Rˆ1e+Rˆ1e+ + e+Rˆ2e+ − e+Rˆ1e−Rˆ1e+
(r
−
− r+ − 1)
]
−αsα0
[
e+Rˆ1e+Rˆ1e+ +
e+Rˆ1e−Rˆ1e+
(r+ − r− − 1)(r− − r+ − 1)
(
αs
α0
)r
−
−r+
]
+α20
[
1
2
e+Rˆ1e+Rˆ1e+ +
e+Rˆ1e−Rˆ1e+
(r+ − r− − 1)(r− − r+ − 1)
−1
2
e+Rˆ2e+ +
1
2
e+Rˆ1e−Rˆ1e+
(r
−
− r+ − 1)
]}
~q(N,α0) ,
(1.224)
~q(N,αs)
−−
=
(
αs
α0
)r
−
{
e
−
+ (αs − α0)e−Rˆ1e− + α2s
1
2
[
e
−
Rˆ1e−Rˆ1e− + e−Rˆ2e− − e−Rˆ1e+Rˆ1e−
(r+ − r− − 1)
]
−αsα0
[
e
−
Rˆ1e−Rˆ1e− +
e
−
Rˆ1e+Rˆ1e−
(r
−
− r+ − 1)(r+ − r− − 1)
(
αs
α0
)r+−r−]
+α20
[
1
2
e
−
Rˆ1e−Rˆ1e− +
e
−
Rˆ1e+Rˆ1e−
(r
−
− r+ − 1)(r+ − r− − 1)
−1
2
e
−
Rˆ2e− +
1
2
e
−
Rˆ1e+Rˆ1e−
(r+ − r− − 1)
]}
~q(N,α0) ,
(1.225)
~q(N,αs)
+− =
{
−αs e+Rˆ1e−
(r+ − r− − 1)
(
αs
α0
)r
−
+ α0
e+Rˆ1e−
(r+ − r− − 1)
(
αs
α0
)r+
+
α2s
(r+ − r− − 2)
[
−e+Rˆ1e−Rˆ1e− − e+Rˆ2e− + e+Rˆ1e+Rˆ1e−
(r+ − r− − 1)
](
αs
α0
)r
−
−αsα0
[
− e+Rˆ1e+Rˆ1e−
(r+ − r− − 1)
(
αs
α0
)r+
− e+Rˆ1e−Rˆ1e−
(r+ − r− − 1)
(
αs
α0
)r
−
]
+α20
(
αs
α0
)r+ [(
− e+Rˆ1e+Rˆ1e−
(r+ − r− − 1) −
e+Rˆ1e−Rˆ1e−
(r+ − r− − 1)
)
−
(
− e+Rˆ1e−Rˆ1e−
(r+ − r− − 2) −
e+Rˆ2e−
(r+ − r− − 2)
+
e+Rˆ1e+Rˆ1e−
(r+ − r− − 2)(r+ − r− − 1)
)]}
~q(N,α0) ,
(1.226)
~q(N,αs)
−+
=
{
−αs e−Rˆ1e+
(r
−
− r+ − 1)
(
αs
α0
)r+
+ α0
e
−
Rˆ1e+
(r
−
− r+ − 1)
(
αs
α0
)r
−
+
α2s
(r
−
− r+ − 2)
[
−e
−
Rˆ1e+Rˆ1e+ − e−Rˆ2e+ + e−Rˆ1e−Rˆ1e+
(r
−
− r+ − 1)
](
αs
α0
)r+
−αsα0
[
− e−Rˆ1e−Rˆ1e+
(r
−
− r+ − 1)
(
αs
α0
)r
−
− e−Rˆ1e+Rˆ1e+
(r
−
− r+ − 1)
(
αs
α0
)r+]
+α20
(
αs
α0
)r
−
[(
− e−Rˆ1e−Rˆ1e+
(r
−
− r+ − 1) −
e
−
Rˆ1e+Rˆ1e+
(r
−
− r+ − 1)
)
−
(
− e−Rˆ1e+Rˆ1e+
(r
−
− r+ − 2) −
e
−
Rˆ2e+
(r
−
− r+ − 2)
+
e
−
Rˆ1e−Rˆ1e+
(r
−
− r+ − 2)(r− − r+ − 1)
)]}
~q(N,α0) .
(1.227)
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Using
~A0 = ~f(N,α0) = ~q(N,α0) it is simple to obtain that
~q(N,αs)
++ =
∞∑
n=0
Ln
n!
[
e+r
n
+
~A0 + αs ~B
++
n + α
2
s
~C++n
]
~q(N,αs)
−− =
∞∑
n=0
Ln
n!
[
e−r
n
−
~A0 + αs ~B
−−
n + α
2
s
~C−−n
]
~q(N,αs)
+− =
∞∑
n=0
Ln
n!
[
αs ~B
+−
n + α
2
s
~C+−n
]
~q(N,αs)
−+ =
∞∑
n=0
Ln
n!
[
αs ~B
−+
n + α
2
s
~C−+n
]
. (1.228)
For example we an hek the rst of the relations above, gives
∞∑
n=0
Ln
n!
[
e+r
n
+
~A0 + αs ~B
++
n + α
2
s
~C++n
]
=
(
αs
α0
)r+ {
e+ + (αs − α0)e+Rˆ1e+
}
~f(N,α0)
+
{(
αs
α0
)r+ [1
2
(
e+Rˆ1e+Rˆ1e+(α0 − αs)2 − e+Rˆ2e+(α20 − α2s)
)
+αsα0
e+Rˆ1e−Rˆ1e+
(r− − r+)2 − 1
(
αs
α0
)r−−r+
+e+Rˆ1e−Rˆ1e+
(
(r− − r+ − 1)α20 + (r+ − r− − 1)α2s
)
2((r− − r+)2 − 1)
]}
~f(N,α0) .
(1.229)
Fatorizing (αs/α0)
r+
and expanding the power of αs the previous expression beomes
~f(N,αs)
++
=
(
αs
α0
)r+ {
e+ + (αs − α0)e+Rˆ1e+ + 1
2
α2s
[
e+Rˆ1e+Rˆ1e+ + e+Rˆ2e+ − e+Rˆ1e−Rˆ1e+
(r− − r+ − 1)
]
+
1
2
α20
[
− e+Rˆ1e−Rˆ1e+
(r+ − r− − 1) + e+Rˆ1e+Rˆ1e+ − e+Rˆ2e+
]
−αsα0
[
e+Rˆ1e+Rˆ1e+ +
e+Rˆ1e−Rˆ1e+
(r+ − r− − 1)(r− − r+ − 1)
(
αs
α0
)r−−r+]}
~f(N,α0) . (1.230)
whih agrees with the left hand side of eq. (1.224).
1.15 Appendix C. Calulation of
~D++n
An expliit alulation of the vetor oeient
~D++n of the κ = 4 (4th trunated) solution of the
NNLO singlet equation has been done in this setion. Sine the expressions of the oeients
~D+−n , ~D
−+
n and
~D−−n have a struture similar to ~D
++
n , we omit them and give only the expliit
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form of this one
~D++n = (−3 + r+)n
(
4 b2 Rˆ
++
1 − 32 π2 Rˆ++31 + 16 b1 π Rˆ++2 − 5 b2 Rˆ++1 r−2 + 40 π2 Rˆ++31 r−2
−20 b1 π Rˆ++2 r−2 + b2 Rˆ++1 r−4 − 8 π2 Rˆ++31 r−4 + 4 b1 π Rˆ++2 r−4 + 96 π2 Rˆ++31
(−2 + r+
−3 + r+
)n
−
120 π2 Rˆ++31 r−
2
(−2 + r+
−3 + r+
)n
+ 24 π2 Rˆ++31 r−
4
(−2 + r+
−3 + r+
)n
− 96 π2 Rˆ++31
(−1 + r+
−3 + r+
)n
+
120 π2 Rˆ++31 r−
2
(−1 + r+
−3 + r+
)n
− 24 π2 Rˆ++31 r−4
(−1 + r+
−3 + r+
)n
+ 10 b2 Rˆ
++
1 r− r+ − 80 π2 Rˆ++31 r− r++
40 b1 π Rˆ
++
2 r− r+ − 4 b2 Rˆ++1 r−3 r+ + 32 π2 Rˆ++31 r−3 r+ − 16 b1 π Rˆ++2 r−3 r++
240 π2 Rˆ++31 r−
(−2 + r+
−3 + r+
)n
r+ − 96 π2 Rˆ++31 r−3
(−2 + r+
−3 + r+
)n
r+ − 240 π2 Rˆ++31 r−
(−1 + r+
−3 + r+
)n
r+
+96 π2 Rˆ++31 r−
3
(−1 + r+
−3 + r+
)n
r+ − 5 b2 Rˆ++1 r+2 + 40 π2 Rˆ++31 r+2 − 20 b1 π Rˆ++2 r+2 + 6 b2 Rˆ++1 r−2 r+2
−48 π2 Rˆ++31 r−2 r+2 + 24 b1 π Rˆ++2 r−2 r+2 − 120 π2 Rˆ++31
(−2 + r+
−3 + r+
)n
r+
2
+144 π2 Rˆ++31 r−
2
(−2 + r+
−3 + r+
)n
r+
2 + 120 π2 Rˆ++31
(−1 + r+
−3 + r+
)n
r+
2 − 144 π2 Rˆ++31 r−2
(−1 + r+
−3 + r+
)n
r+
2
−4 b2 Rˆ++1 r− r+3 + 32 π2 Rˆ++31 r− r+3 − 16 b1 π Rˆ++2 r− r+3 − 96 π2 Rˆ++31 r−
(−2 + r+
−3 + r+
)n
r+
3+
96 π2 Rˆ++31 r−
(−1 + r+
−3 + r+
)n
r+
3 + b2 Rˆ
++
1 r+
4 − 8 π2 Rˆ++31 r+4 + 4 b1 π Rˆ++2 r+4+
24 π2 Rˆ++31
(−2 + r+
−3 + r+
)n
r+
4 − 24 π2 Rˆ++31
(−1 + r+
−3 + r+
)n
r+
4 − 4 b2 Rˆ++1
(
r+
−3 + r+
)n
+32 π2 Rˆ++31
(
r+
−3 + r+
)n
− 16 b1 π Rˆ++2
(
r+
−3 + r+
)n
+ 5 b2 Rˆ
++
1 r−
2
(
r+
−3 + r+
)n
−40 π2 Rˆ++31 r−2
(
r+
−3 + r+
)n
+ 20 b1 π Rˆ
++
2 r−
2
(
r+
−3 + r+
)n
− b2 Rˆ++1 r−4
(
r+
−3 + r+
)n
+
8 π2 Rˆ++31 r−
4
(
r+
−3 + r+
)n
− 4 b1 π Rˆ++2 r−4
(
r+
−3 + r+
)n
− 10 b2 Rˆ++1 r− r+
(
r+
−3 + r+
)n
+80 π2 Rˆ++31 r− r+
(
r+
−3 + r+
)n
− 40 b1 π Rˆ++2 r− r+
(
r+
−3 + r+
)n
+ 4 b2 Rˆ
++
1 r−
3 r+
(
r+
−3 + r+
)n
−32 π2 Rˆ++31 r−3 r+
(
r+
−3 + r+
)n
+ 16 b1 π Rˆ
++
2 r−
3 r+
(
r+
−3 + r+
)n
+ 5 b2 Rˆ
++
1 r+
2
(
r+
−3 + r+
)n
−
40 π2 Rˆ++31 r+
2
(
r+
−3 + r+
)n
+ 20 b1 π Rˆ
++
2 r+
2
(
r+
−3 + r+
)n
− 6 b2 Rˆ++1 r−2 r+2
(
r+
−3 + r+
)n
+48 π2 Rˆ++31 r−
2 r+
2
(
r+
−3 + r+
)n
− 24 b1 π Rˆ++2 r−2 r+2
(
r+
−3 + r+
)n
+ 4 b2 Rˆ
++
1 r− r+
3
(
r+
−3 + r+
)n
−32 π2 Rˆ++31 r− r+3
(
r+
−3 + r+
)n
+ 16 b1 π Rˆ
++
2 r− r+
3
(
r+
−3 + r+
)n
− b2 Rˆ++1 r+4
(
r+
−3 + r+
)n
+8 π2 Rˆ++31 r+
4
(
r+
−3 + r+
)n
− 4 b1 π Rˆ++2 r+4
(
r+
−3 + r+
)n
+16 π2
(−2 + r
−
+ r
−
2 − r+ − 2 r− r+ + r+2
)×(
−2 + r
−
+ 3
(−2 + r
−
−3 + r+
)n
−
(
r+
−3 + r+
)n
− r
−
(
r+
−3 + r+
)n
+ r+
(
−1 +
(
r+
−3 + r+
)n))
Rˆ+−1 Rˆ
−+
2
−8 π2
(
−2 + 3
(−2 + r+
−3 + r+
)n
−
(
r+
−3 + r+
)n)
×
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(
4 + r
−
4 − 4 r
−
3 r+ − 5 r+2 + r+4 + r−2
(−5 + 6 r+2)+ r− (10 r+ − 4 r+3)) Rˆ++1 Rˆ++2
+32 π2 Rˆ+−2 Rˆ
−+
1 − 16 π2 r− Rˆ+−2 Rˆ−+1 − 32 π2 r−2 Rˆ+−2 Rˆ−+1 + 16 π2 r−3 Rˆ+−2 Rˆ−+1
−96 π2
(−1 + r
−
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1 − 48 π2 r−
(−1 + r
−
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1 + 48 π
2 r
−
2
(−1 + r
−
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1
+16 π2 r+ Rˆ
+−
2 Rˆ
−+
1 + 64 π
2 r
−
r+ Rˆ
+−
2 Rˆ
−+
1 − 48 π2 r−2 r+ Rˆ+−2 Rˆ−+1
+48 π2
(−1 + r
−
−3 + r+
)n
r+ Rˆ
+−
2 Rˆ
−+
1 − 96 π2 r−
(−1 + r
−
−3 + r+
)n
r+ Rˆ
+−
2 Rˆ
−+
1
−32 π2 r+2 Rˆ+−2 Rˆ−+1 + 48 π2 r− r+2 Rˆ+−2 Rˆ−+1
+48 π2
(−1 + r
−
−3 + r+
)n
r+
2 Rˆ+−2 Rˆ
−+
1 − 16 π2 r+3 Rˆ+−2 Rˆ−+1
+64 π2
(
r+
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1 + 64 π
2 r
−
(
r+
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1 − 16 π2 r−2
(
r+
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1
−16 π2 r
−
3
(
r+
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1 − 64 π2 r+
(
r+
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1
+32 π2 r
−
r+
(
r+
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1 + 48 π
2 r
−
2 r+
(
r+
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1
−16 π2 r+2
(
r+
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1 − 48 π2 r− r+2
(
r+
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1
+16 π2 r+
3
(
r+
−3 + r+
)n
Rˆ+−2 Rˆ
−+
1 + 32 π
2 Rˆ++2 Rˆ
++
1 − 40 π2 r−2 Rˆ++2 Rˆ++1 + 8 π2 r−4 Rˆ++2 Rˆ++1
−96 π2
(−1 + r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1 + 120 π
2 r
−
2
(−1 + r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1 − 24 π2 r−4
(−1 + r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1
+80 π2 r
−
r+ Rˆ
++
2 Rˆ
++
1 − 32 π2 r−3 r+ Rˆ++2 Rˆ++1 − 240 π2 r−
(−1 + r+
−3 + r+
)n
r+ Rˆ
++
2 Rˆ
++
1
+96 π2 r
−
3
(−1 + r+
−3 + r+
)n
r+ Rˆ
++
2 Rˆ
++
1 − 40 π2 r+2 Rˆ++2 Rˆ++1 + 48 π2 r−2 r+2 Rˆ++2 Rˆ++1
+120 π2
(−1 + r+
−3 + r+
)n
r+
2 Rˆ++2 Rˆ
++
1 − 144 π2 r−2
(−1 + r+
−3 + r+
)n
r+
2 Rˆ++2 Rˆ
++
1 − 32 π2 r− r+3 Rˆ++2 Rˆ++1
+96 π2 r
−
(−1 + r+
−3 + r+
)n
r+
3 Rˆ++2 Rˆ
++
1 + 8 π
2 r+
4 Rˆ++2 Rˆ
++
1
−24 π2
(−1 + r+
−3 + r+
)n
r+
4 Rˆ++2 Rˆ
++
1 + 64 π
2
(
r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1
−80 π2 r
−
2
(
r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1 + 16 π
2 r
−
4
(
r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1
+160 π2 r
−
r+
(
r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1 − 64 π2 r−3 r+
(
r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1
−80 π2 r+2
(
r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1 + 96 π
2 r
−
2 r+
2
(
r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1
−64 π2 r
−
r+
3
(
r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1 + 16 π
2 r+
4
(
r+
−3 + r+
)n
Rˆ++2 Rˆ
++
1 − 32 π2 Rˆ+−1 Rˆ−−1 Rˆ−+1
+48 π2 r
−
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1 − 16 π2 r−2 Rˆ+−1 Rˆ−−1 Rˆ−+1 + 96 π2
(−2 + r
−
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1
−48 π2 r
−
(−2 + r
−
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1 − 48 π2 r−2
(−2 + r
−
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1
−96 π2
(−1 + r
−
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1 − 48 π2 r−
(−1 + r
−
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1
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+48 π2 r
−
2
(−1 + r
−
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1 − 48 π2 r+ Rˆ+−1 Rˆ−−1 Rˆ−+1 +
32 π2 r
−
r+ Rˆ
+−
1 Rˆ
−−
1 Rˆ
−+
1 + 48 π
2
(−2 + r
−
−3 + r+
)n
r+ Rˆ
+−
1 Rˆ
−−
1 Rˆ
−+
1
+96 π2 r
−
(−2 + r
−
−3 + r+
)n
r+ Rˆ
+−
1 Rˆ
−−
1 Rˆ
−+
1 + 48 π
2
(−1 + r
−
−3 + r+
)n
r+ Rˆ
+−
1 Rˆ
−−
1 Rˆ
−+
1
−96 π2 r
−
(−1 + r
−
−3 + r+
)n
r+ Rˆ
+−
1 Rˆ
−−
1 Rˆ
−+
1 − 16 π2 r+2 Rˆ+−1 Rˆ−−1 Rˆ−+1
−48 π2
(−2 + r
−
−3 + r+
)n
r+
2 Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1 + 48 π
2
(−1 + r
−
−3 + r+
)n
r+
2 Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1
+32 π2
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1 + 48 π
2 r
−
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1
+16 π2 r
−
2
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1 − 48 π2 r+
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1
−32 π2 r
−
r+
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1 + 16 π
2 r+
2
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−−
1 Rˆ
−+
1
−32 π2 Rˆ+−1 Rˆ−+1 Rˆ++1 + 32 π2 r− Rˆ+−1 Rˆ−+1 Rˆ++1 + 8 π2 r−2 Rˆ+−1 Rˆ−+1 Rˆ++1
−8 π2 r
−
3 Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 + 96 π
2
(−2 + r
−
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 + 48 π
2 r
−
(−2 + r
−
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1
−96 π2
(−1 + r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 − 96 π2 r−
(−1 + r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1
+24 π2 r
−
2
(−1 + r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 + 24 π
2 r
−
3
(−1 + r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1
−32 π2 r+ Rˆ+−1 Rˆ−+1 Rˆ++1 − 16 π2 r− r+ Rˆ+−1 Rˆ−+1 Rˆ++1 + 24 π2 r−2 r+ Rˆ+−1 Rˆ−+1 Rˆ++1
−48 π2
(−2 + r
−
−3 + r+
)n
r+ Rˆ
+−
1 Rˆ
−+
1 Rˆ
++
1 + 96 π
2
(−1 + r+
−3 + r+
)n
r+ Rˆ
+−
1 Rˆ
−+
1 Rˆ
++
1
−48 π2 r
−
(−1 + r+
−3 + r+
)n
r+ Rˆ
+−
1 Rˆ
−+
1 Rˆ
++
1 − 72 π2 r−2
(−1 + r+
−3 + r+
)n
r+ Rˆ
+−
1 Rˆ
−+
1 Rˆ
++
1
+8 π2 r+
2 Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 − 24 π2 r− r+2 Rˆ+−1 Rˆ−+1 Rˆ++1
+24 π2
(−1 + r+
−3 + r+
)n
r+
2 Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 + 72 π
2 r
−
(−1 + r+
−3 + r+
)n
r+
2 Rˆ+−1 Rˆ
−+
1 Rˆ
++
1
+8 π2 r+
3 Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 − 24 π2
(−1 + r+
−3 + r+
)n
r+
3 Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 + 32 π
2
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1
+16 π2 r
−
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 − 32 π2 r−2
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1
−16 π2 r
−
3
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 − 16 π2 r+
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1
+64 π2 r
−
r+
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 + 48 π
2 r
−
2 r+
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1
−32 π2 r+2
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 − 48 π2 r− r+2
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1
+16 π2 r+
3
(
r+
−3 + r+
)n
Rˆ+−1 Rˆ
−+
1 Rˆ
++
1 − 32 π2 Rˆ++1 Rˆ+−1 Rˆ−+1 + 16 π2 r− Rˆ++1 Rˆ+−1 Rˆ−+1
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+32 π2 r
−
2 Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 − 16 π2 r−3 Rˆ++1 Rˆ+−1 Rˆ−+1 − 96 π2
(−1 + r
−
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
+48 π2 r
−
(−1 + r
−
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 + 96 π
2
(−2 + r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 −
96 π2 r
−
(−2 + r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 − 24 π2 r−2
(−2 + r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
+24 π2 r
−
3
(−2 + r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 − 16 π2 r+ Rˆ++1 Rˆ+−1 Rˆ−+1 − 64 π2 r− r+ Rˆ++1 Rˆ+−1 Rˆ−+1
+48 π2 r
−
2 r+ Rˆ
++
1 Rˆ
+−
1 Rˆ
−+
1 − 48 π2
(−1 + r
−
−3 + r+
)n
r+ Rˆ
++
1 Rˆ
+−
1 Rˆ
−+
1 +
96 π2
(−2 + r+
−3 + r+
)n
r+ Rˆ
++
1 Rˆ
+−
1 Rˆ
−+
1 + 48 π
2 r
−
(−2 + r+
−3 + r+
)n
r+ Rˆ
++
1 Rˆ
+−
1 Rˆ
−+
1
−72 π2 r
−
2
(−2 + r+
−3 + r+
)n
r+ Rˆ
++
1 Rˆ
+−
1 Rˆ
−+
1 + 32 π
2 r+
2 Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
−48 π2 r
−
r+
2 Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 − 24 π2
(−2 + r+
−3 + r+
)n
r+
2 Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
+72 π2 r
−
(−2 + r+
−3 + r+
)n
r+
2 Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 + 16 π
2 r+
3 Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
−24 π2
(−2 + r+
−3 + r+
)n
r+
3 Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 + 32 π
2
(
r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
+32 π2 r
−
(
r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 − 8 π2 r−2
(
r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
−8 π2 r
−
3
(
r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 − 32 π2 r+
(
r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
+16 π2 r
−
r+
(
r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 24 π
2 r
−
2 r+
(
r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
−8 π2 r+2
(
r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1 − 24 π2 r− r+2
(
r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
+8 π2 r+
3
(
r+
−3 + r+
)n
Rˆ++1 Rˆ
+−
1 Rˆ
−+
1
)
~A0[
48 π2
(
4 + r
−
4 − 4 r
−
3 r+ − 5 r+2 + r+4 + r−2
(−5 + 6 r+2)+ r− (10 r+ − 4 r+3))]−1 .
(1.231)
Chapter 2
Appliations: Solving the x-spae
Evolution Equations for Transversity at
NLO
2.1 Introdution
One of the most fasinating aspets of the struture of the nuleon is the study of the distribution
of spin among its onstituents, a topi of remarkable oneptual omplexity whih has gained
a lot of attention in reent years. This study is entirely based on the lassiation and on the
phenomenologial modeling of all the leading-twist parton distributions, used as building bloks
for further investigations in hadroni physis.
There are various theoretial ways to gather information on these non-loal matrix elements.
One among the various possibilities is to disover sum rules onneting moments of these distribu-
tions to other fundamental observables. Another possibility is to disover bounds - or inequalities
- among them and use these results in the proess of their modeling. There are various bounds
that an be studied, partiularly in the ontext of the new generalized parton dynamis typial of
the skewed distributions [27, 28℄. All these relations an be analized in perturbation theory and
studied using the Renormalization Group (RG), although a omplete desription of their per-
turbative dynamis is still missing. This study, we believe, may require onsiderable theoretial
eort sine it involves a global understanding both of the (older) forward (DGLAP) dynamis
and of the generalized new dynamis enoded in the skewed distributions.
In this ontext, a program aimed at the study of various bounds in perturbation theory using
primarily a parton dynamis in x-spae has been outlined [29℄. This requires aurate algorithms
to solve the equations up to next-to-leading order (NLO). Also, underlying this type of desription
is, in many ases, a probabilisti approah [30℄ whih has some interesting onsequenes worth of
a loser look . In fat, the DGLAP equation, viewed as a probabilisti proess, an be rewritten
in a master form whih is at the root of some interesting formal developements. In partiular, a
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wide set of results, available from the theory of stohasti proesses, nd their way in the study
of the evolution. In a reent work [29℄ it has been proposed a Kramers-Moyal expansion of the
DGLAP equation as an alternative way to desribe the dynamis of parton evolution. Here, this
analysis will be extended to the ase of the non-forward evolution.
With these objetives in mind, in this study we test x-spae algorithms up to NLO developed
in the previous hapter, and verify their auray using a stringent test: Soer's inequality. As
usual, we are bound to work with spei models of initial onditions. The implementations on
whih our analysis are based are general, with a varying avour number nf at any threshold of
intermediate quark mass in the evolution. Here, we address Soer's inequality using an approah
based on the notion of superdistributions [31℄, whih are onstruts designed to have a simple
(positive) evolution thanks to the existene of an underlying master form [30, 29℄. The original
motivation for using suh a master form (also termed kineti or probabilisti) to prove positivity
has been presented in [31℄, while further extensions of these arguments have been presented
in [29℄. In a nal setion we propose the extension of the evolution algorithm to the ase of
the skewed distributions, and illustrate its implementation in the non-singlet ase. As for the
forward ase, numerial tests of the inequality are performed for two dierent models. We show
that even starting from a saturated inequality at the lowest evolution sale, the various models
dier signiantly even for a moderate nal fatorization sale of Q = 100 GeV. Finally, we
illustrate in another appliation the evolution of the tensor harge and show that, in the models
onsidered, dierenes in the predition of the tensor harge are large.
2.2 Prelude to x-spae: A Simple Proof of Positivity of h1 to NLO
There are some nie features of the parton dynamis, at least in the leading logarithmi approx-
imation (LO), when viewed in x-spae, one a suitable master form of the parton evolution
equations is identied.
The existene of suh a master form, as rstly shown by Teryaev, is a speial feature of the
evolution equation itself. The topi has been addressed before in LO [31℄ and reanalized in more
detail in [29℄ where, starting from a kineti interpretation of the evolution, a dierential equation
obtained from the Kramers-Moyal expansion of the DGLAP equation has also been proposed.
The arguments of refs. [31, 29℄ are built around a form of the evolution equation whih has a
simple kineti interpretation and is written in terms of transition probabilities onstruted from
the kernels.
The strategy used, at least in leading order, to demonstrate the positivity of the LO evolution
for speial ombinations of parton distributions Q± [31℄, to be dened below, or the NLO evo-
lution for h1, whih we are going to address, is based on some results of ref.[31℄, briey reviewed
here, in order to be self-ontained.
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A master equation is typially given by
∂
∂τ
f(x, τ) =
∫
dx′
(
w(x|x′)f(x′, τ)− w(x′|x)f(x, τ)) dx′ (2.1)
and if through some manipulations, a DGLAP equation
dq(x,Q2)
d log(Q2)
=
∫ 1
x
dy
y
P (x/y)q(y,Q2), (2.2)
with kernels P (x), is rewritten in suh a way to resemble eq. (2.1)
d
dτ
q(x, τ) =
∫ 1
x
dyPˆ
(
x
y
)
q(y, τ)
y
−
∫ x
0
dy
y
Pˆ
(y
x
) q(x, τ)
x
, (2.3)
with a (positive) transition probability
w(x|y) = αs
2π
Pˆ (x/y)
θ(y > x)
y
(2.4)
then positivity of the evolution is established.
For equations of non-singlet type, suh as those evolving q(−) = q − q¯, the valene quark
distribution, or h1, the transverse spin distribution, this rewriting of the equation is possible,
at least in LO. NLO proofs are, in general, impossible to onstrut by this method, sine the
kernels turn out, in many ases, to be negative. The only possible proof, in these ases, is
just a numerial one, for suitable (positive) boundary onditions observed by the initial form of
the parton distributions. Positivity of the evolution is then a result of an unobvious interplay
between the various ontributions to the kernels in various regions in x-spae.
In order to disuss the probabilisti version of the DGLAP equation it is onvenient to
separate the bulk ontributions of the kernels (x < 1) from the edge point ontributions at
x = 1. For this purpose we reall that the struture of the kernels is, in general, given by
P (z) = Pˆ (z)− δ(1 − z)
∫ 1
0
Pˆ (z) dz, (2.5)
where the bulk ontributions (z < 1) and the edge point ontributions (∼ δ(z − 1)) have been
expliitely separated. We fous on the transverse spin distributions as an example. With these
prerequisites, proving the LO and NLO positivity of the transverse spin distributions is quite
straightforward, but requires a numerial inspetion of the transverse kernels. Sine the evo-
lutions for ∆T q
(±) ≡ hq1 are purely non-singlet, diagonality in avour of the subtration terms
(∼ ∫ x0 w(y|x)q(x, τ)) is satised, while the edge-point subtrations an be tested to be positive
numerially. We illustrate the expliit onstrution of the master equation for h1 in LO, sine
extensions to NLO of this onstrution are rather straighforward.
In this ase the LO kernel is given by
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∆TP
(0)
qq (x) = CF
[
2
(1− x)+ − 2 +
3
2
δ(1 − x)
]
(2.6)
and by some simple manipulations we an rewrite the orresponding evolution equation in a
suitable master form. That this is possible is an elementary fat sine the subtration terms
an be written as integrals of a positive funtion. For instane, a possibility is to hoose the
transition probabilities
w1[x|y] = CF
y
(
2
1− x/y − 2
)
θ(y > x)θ(y < 1)
w2[y|x] = CF
x
(
2
1− y/x −
3
2
)
θ(y > −x)θ(y < 0)
(2.7)
whih reprodue the evolution equation for h1 in master form
dh1
dτ
=
∫ 1
0
dyw1(x|y)h1(y, τ)−
∫ 1
0
dyw2(y|x)h1(x, τ). (2.8)
The NLO proof of positivity is also rather straightforward. For this purpose we have analized
numerially the behaviour of the NLO kernels both in their bulk region and at the edge-point.
We show in Table 1 of Appendix B results for the edge point ontributions to NLO for both of
the ∆TP
(1)
± omponents, whih are numerially the same. There we have organized these terms
in the form ∼ Cδ(1− x) with
C = − log(1− Λ)A+B, (2.9)
with A and B being numerial oeients depending on the number of avours inluded in the
kernels. The (diverging) logarithmi ontribution (∼ ∫ Λ0 dz/(1 − z)) have been regulated by
a uto. This divergene in the onvolution anels when these terms are ombined with the
divergene at x = 1 of the rst term of the master equation (2.8) for all the relevant omponents
ontaining + distributions. As for the bulk ontributions (x < 1), positivity up to NLO of the
transverse kernels is shown numerially in Fig. (2.1). All the onditions of positivity are therefore
satised and therefore the ∆T±q distributions evolve positively up to NLO. The existene of a
master form of the equation is then guaranteed.
Notie that the NLO positivity of ∆T±q implies positivity of the nuleon tensor harge [32℄
δq ≡
∫ 1
0
dx
(
hq1(x)− hq¯(x)1
)
(2.10)
for eah separate avour for positive initial onditions. As we have just shown, this proof of
positivity is very short, as far as one an hek numerially that both omponents of eq.(2.8) are
positive.
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2.3 Soer's inequality
Numerial tests of Soer's inequality an be performed either in moment spae or, as we are
going to illustrate in the next setion, diretly in x-spae, using suitable algorithms to apture
the perturbative nature of the evolution. We reall that Soer's inequality
|h1(x)| < q+(x) (2.11)
sets a bound on the transverse spin distribution h1(x) in terms of the omponents of the positive
heliity omponent of the quarks, for a given avour. An original proof of Soer's inequality in
LO has been disussed in ref.[33℄, while in [31℄ an alternative proof was presented, based on a
kineti interpretation of the evolution equations.
We reall that h1, also denoted by the symbol
∆T q(x,Q
2) ≡ q↑(x,Q2)− q↓(x,Q2), (2.12)
has the property of being purely non-singlet and of appearing at leading twist. It is identiable
in transversely polarized hadron-hadron ollisions and not in Deep Inelasti Sattering (from
now on we will omit sometime the x-dependene in the kernels and in the distributions when
obvious). In the following we will use interhangeably the notations h1 ≡ hq1 and ∆T q to denote
the transverse asymmetries. We introdue also the ombinations
∆T (q + q¯) = h
q
1 + h
q¯
1
∆T q
(−) = ∆T (q − q¯) = hq1 − hq¯1
∆T q
(+) =
∑
i
∆T (qi + q¯i)
(2.13)
where we sum over the avor index (i), and we have introdued singlet and non-singlet ontri-
butions for distributions of xed heliities
q
(+)
+ =
∑
i
(q+i + q¯+i)
q
(−)
+ = q+i − q¯+i ≡ Σ.
(2.14)
In our analysis we solve all the equations in the heliity basis and reonstrut the various heliities
after separating singlet and non-singlet setors. We mention that the non-singlet setor is now
given by a set of 2 equations, eah involving ± heliities and the singlet setor is given by a
4-by-4 matrix.
In the singlet setor we have
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dq
(+)
+
dt
=
αs
2π
(P qq++ ⊗ q(+)+ + P qq+− ⊗ q(−)−
+P qG++ ⊗G+ + P qG+− ⊗G−),
dq
(+)
− (x)
dt
=
αs
2π
(P+− ⊗ q(+)+ + P++ ⊗ q(+)−
+P qG+− ⊗G+ + P qG++ ⊗G−),
dG+(x)
dt
=
αs
2π
(PGq++ ⊗ q(+)+ + PGq+− ⊗ q(+)−
+PGG++ ⊗G+ + PGG+− ⊗G−),
dG−(x)
dt
=
αs
2π
(PGq+− ⊗ q(+)+ + PGq++ ⊗ q(+)−
+PGG+− ⊗G+ + PGG++ ⊗G−). (2.15)
while the non-singlet (valene) analogue of this equation is also easy to write down
dq
(−)
+i (x)
dt
=
αs
2π
(PNS++ ⊗ q(−)+i + PNS+− ⊗ q(−)− (y)),
dq
(−)
−i (x)
dt
=
αs
2π
(PNS+− ⊗ q(−)+ + PNS++ ⊗ q(−)−i ). (2.16)
Above, i is the avor index, (±) indiate q± q¯ omponents and the lower substipt ± stands for
the heliity.
Similarly to the unpolarized ase the avour reonstrution is done by adding two additional
equations for eah avour in the heliity ±
χ±,i = q
(+)
±i −
1
nf
q
(+)
± (2.17)
whose evolution is given by
dχ
(−)
+i (x)
dt
=
αs
2π
(PNS++ ⊗ χ+i + PNS+− ⊗ χ−i),
dχ−i(x)
dt
=
αs
2π
(PNS+− ⊗ χ+i + PNS++ ⊗ χ−i).
(2.18)
The reonstrution of the various ontributions in avour spae for the two heliities is nally
done using the linear ombinations
q±i =
1
2
(
q
(−)
±i + χ±i +
1
nf
q
(+)
±
)
. (2.19)
We will be needing these equations below when we present a proof of positivity up to LO, and
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we will thereafter proeed with a NLO implementation of these and other evolution equations.
For this we will be needing some more notations.
We reall that the following relations are also true to all orders
P (x) =
1
2
(P++(x) + P+−(x))
=
1
2
(P−−(x) + P−+(x))
between polarized and unpolarized (P ) kernels and
P++(x) = P−−(x), P−+(x) = P+−(x) (2.20)
relating unpolarized kernels to longitudinally polarized ones. Generially, the kernels of various
type are expanded up to NLO as
P (x) =
αs
2π
P (0)(x) +
(αs
2π
)2
P (1)(x), (2.21)
and speially, in the transverse ase we have
∆TP
(1)
qq,± ≡ ∆TP (1)qq ±∆TP (1)qq¯ , (2.22)
(2.23)
with the orresponding evolution equations
d
d lnQ2
∆T q±(Q
2) = ∆TPqq,±(αs(Q
2))⊗∆T q±(Q2) . (2.24)
We also reall that the kernels in the helity basis in LO are given by
P
(0)
NS±,++ = P
(0)
qq,++ = P
(0)
qq
P
(0)
qq,+− = P
(0)
qq,−+ = 0
P
(0)
qg,++ = nfx
2
Pqg,+− = Pqg,−+ = nf (x− 1)2
Pgq,++ = Pgq,−− = CF
1
x
P
(0)
gg,++ = P
(0)
gg,++ = Nc
(
2
(1− x)+ +
1
x
− 1− x− x2
)
+ β0δ(1 − x)
P
(0)
gg,+− = Nc
(
3x+
1
x
− 3− x2
)
. (2.25)
An inequality, suh as Soer's inequality, an be stated as positivity ondition for suitable
linear ombinations of parton distributions [31℄ and this ondition an be analized - as we have
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just shown for the h1 ase - in a most diret way using the master form.
For this purpose onsider the linear valene ombinations
Q+ = q+ + h1
Q− = q+ − h1
(2.26)
whih are termed superdistributions in ref.[31℄. Notie that a proof of positivity of the Q
distributions is equivalent to verify Soer's inequality. However, given the mixing of singlet
and non-singlet setors, the analysis of the master form is, in this ase, more omplex. As we
have just mentioned, what an spoil the proof of positivity, in general, is the negativity of the
kernels to higher order. We antiipate here the result that we will illustrate below where we
show that a LO proof of the positivity of the evolution for Q an be established using kineti
arguments, being the kernels are positive at this order. However we nd that the NLO kernels
do not satisfy this ondition. In any ase, let's see how the identiation of suh master form
proeeds in general. We nd useful to illustrate the result using the separation between singlet
and non-singlet setors. In this ase we introdue the ombinations
Q
(−)
± = q
(−)
+ ± h(−)1
Q
(+)
± = q
(+)
+ ± h(+)1
(2.27)
with h
(±)
1 ≡ ∆T q(±).
Dierentiating these two linear ombinations (2.27) we get
dQ
(−)
±
d log(Q2)
= PNS++ q
(−)
+ + P
NS
+− q
(−)
− ± PTh(−)1
(2.28)
whih an be rewritten as
dQ
(−)
+
d log(Q2)
=
1
2
(
P
(−)
++ + P
(−)
T
)
Q
(−)
+ +
1
2
(
P
(−)
++ − P (−)T
)
Q
(−)
− + P
(−)
+− q
(−)
−
dQ
(−)
+
d log(Q2)
=
1
2
(
P
(−)
++ − P (−)T
)
Q
(−)
+ +
1
2
(
P
(−)
++ + PT
)(−)
Q
(−)
− + P
(−)
+− q
(−)
−
(2.29)
with P (−) ≡ PNS being the non-singlet (NS) kernel.
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Figure 2.1: Plot of the transverse kernels.
At this point we dene the linear ombinations
P¯Q+± =
1
2
(P++ ± PT ) (2.30)
and rewrite the equations above as
dQ+i
d log(Q2)
= P¯Q++Qi+ + P¯
Q
+−Qi− + P
qq
+−qi−
dQi+
d log(Q2)
= P¯Q+−Qi+ + P¯
Q
++Qi− + P
qq
+−qi−
(2.31)
where we have reintrodued i as a avour index. From this form of the equations it is easy to
establish the leading order positivity of the evolution, after heking the positivity of the kernel
and the existene of a master form.
The seond non-singlet setor is dened via the variables
χi± = q
(+)
i± −
1
nf
q
(+)
i± (2.32)
whih evolve as non-singlets and the two additional distributions
Qχi,± = χi+ ± hi(+)1 . (2.33)
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Also in this ase we introdue the kernels
P¯
Qχ
+± =
1
2
(
P++ ±∆TP (+)
)
(2.34)
to obtain the evolutions
dQχi+
d log(Q2)
= P¯
Qχ
++Qχi+ + P¯
Qχ
+−Qχi− + P
qq
+−χi−
dQi+
d log(Q2)
= P¯Qχ+−Qχi+ + P¯
Qχ
++Qχi− + P
qq
+−χi−.
(2.35)
For the singlet setor, we simply dene Q
(+)
+ = q
(+)
, and the orresponding evolution is
similar to the singlet equation of the heliity basis. Using the equations above, the distributions
Qi± are then reonstruted as
Qi± =
1
2
(
Q
(−)
i± +Q
(−)
χi± +
1
nf
Q
(+)
+
)
(2.36)
and result positive for any avour if the addends are positive as well. However, as we have just
mentioned, positivity of all the kernels introdued above is easy to hek numerially to LO,
together with their diagonality in avour whih guarantees the existene of a master form.
As an example, onsider the LO evolution of Q±. The proof of positivity is a simple onse-
quene of the struture of eq. (2.31). In fat the edge-point ontributions appear only in PQ++,
i.e. they are diagonal in the evolution of Q±. The inhomogenous terms on the right hand side
of (2.31), proportional to q− are are harmless, sine the P+− kernel has no edge-point ontri-
butions. Therefore under 1) diagonality in avour of the subtration terms and 2) positivity of
rst and seond term (transition probabilities) we an have positivity of the evolution. A rened
arguments to support this laim has been presented in [29℄.
This onstrution is not valid to NLO. In fat, while the features of avour diagonality of the
master equation are satised, the transition probabilities w(x, y) are not positive in the whole
x, y range. The existene of a rossing from positive to negative values in PQ++ an, in fat, be
established quite easily using a numerial analysis. We illustrate in Figs. (2.2) and (2.3) plots
of the Q kernels at LO and NLO, showing that, at NLO, the requirement of positivity of some
omponents is violated. The limitations of this sort of proofs -based on kineti arguments- are
stritly linked to the positivity of the transition probabilities one a master form of the equation
is identied.
1
1
Based on the artile published in JHEP 0311:059, (2003)
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2.4 The numerial investigation
We have seen that NLO proofs of positivity, an be -at least partially- obtained only for suitable
sets of boundary onditions. To this purpose, we hoose to investigate the numerial behaviour
of the solution using x-spae based algorithms whih need to be tested up to NLO.
Our study validates a method whih an be used to solve evolution equations with auray in
leading and in next-to-leading order. The method is entirely based on an expansion [6℄ used in the
ontext of spin physis [34℄ and in supersymmetry [18℄. An interesting feature of the expansion,
one ombined with Soer's inequality, is to generate an innite set of relations among the sale
invariant oeients (An, Bn) whih haraterize it.
In this approah, the NLO expansion of the distributions in the DGLAP equation is the one
studied in the previous setion and it is given by
f(x,Q2) =
∞∑
n=0
An(x)
n!
logn
(
α(Q2)
α(Q20)
)
+ α(Q2)
∞∑
n=0
Bn(x)
n!
logn
(
α(Q2)
α(Q20)
)
(2.37)
where, to simplify the notation, we assume a short-hand matrix notation for all the onvolution
produts. Therefore f(x,Q2) stands for a vetor having as omponents any of the heliities of
the various avours (Q±, q±, G±). The ansatz implies a tower of reursion relations one the
running oupling is kept into aount and implies that (see Eqns. 1.33)
An+1(x) = − 2
β0
P (0) ⊗An(x) (2.38)
to leading order and
Bn+1(x) = −Bn(x)−
(
β1
4β0
An+1(x)
)
− 1
4πβ0
P (1) ⊗An(x)− 2
β0
P (0) ⊗Bn(x)
= −Bn(x) +
(
β1
2β20
P (0) ⊗An(x)
)
− 1
4πβ0
P (1) ⊗An(x)− 2
β0
P (0) ⊗Bn(x),
(2.39)
to NLO, relations whih are solved with the initial ondition B0(x) = 0. The initial onditions
for the oeients A0(x) and B0(x) are speied with q(x,Q
2
0) as a leading order ansatz for the
initial distribution
A0(x) = δ(1 − x)⊗ q(x,Q20) ≡ q0(x) (2.40)
whih also requires B0(x) = 0, sine we have to satisfy the boundary ondition
A0(x) + α0B0(x) = q0(x). (2.41)
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If we introdue Rossi's expansion for h1, q+, and the linear ombinations Q± (in short form)
h1 ∼
(
Ahn, B
h+
n
)
q± ∼ (Aq±n , Bq±n )
Q± ∼
(
AQ+n , B
Q+
n
)
(2.42)
we easily get the inequalities
(−1)n
(
Aq+n +A
h
n
)
> 0 (2.43)
and
(−1)n
(
Aq+n −Ahn
)
> 0 (2.44)
valid to leading order,whih we an hek numerially. Notie that the signature fator has to
be inluded due to the alternation in sign of the expansion. To next to leading order we obtain
(−1)n+1 (Aq+n (x) + α(Q2)Bq+n (x)) < (−1)n (Ahn(x) + α(Q2)Bhn(x)) < (−1)n (Aq+n (x) + α(Q2)Bq+n (x)) ,
(2.45)
valid for n ≥ 1, obtained after identiation of the orresponding logarithmi powers log (α(Q2))
at any Q. In general, one an assume a saturation of the inequality at the initial evolution sale
Q−(x,Q
2
0) = h1(x,Q
2
0)−
1
2
q+(x,Q
2
0) = 0. (2.46)
This initial ondition has been evolved in Q solving the equations for the Q± distributions to
NLO.
2.5 Relations among moments
In this setion we elaborate on the relation between the oeients of the reursive expansion
as dened above and the standard solution of the evolution equations in the spae of Mellin
moments. We will show that the two solutions an be related in an unobvious way.
Of our onern here is the relation between the Mellin moments of the oeients appearing
in the expansion
A(N) =
∫ 1
0
dxxN−1A(x)
B(N) =
∫ 1
0
dxxN−1B(x)
(2.47)
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and those of the distributions
∆T q±(N,Q
2) =
∫ 1
0
dxxN−1∆T q±(x,Q
2)). (2.48)
For this purpose we reall that the general (non-singlet) solution to NLO for the latter moments
is given by
∆T q±(N,Q
2) = K(Q20, Q
2, N)
(
αs(Q
2)
αs(Q
2
0)
)−2∆TP (0)qq (N)/β0
∆T q±(N,Q
2
0)
with the input distributions ∆T q
n
±(Q
2
0) at the input sale Q0 and where we have set
K(Q20, Q
2, N) = 1 +
αs(Q
2
0)− αs(Q2)
πβ0
[
∆TP
(1)
qq,±(N)−
β1
2β0
∆TP
(0)
qq±(N)
]
. (2.49)
In the expressions above we have introdued the orresponding moments for the LO and NLO
kernels (∆TP
(0),N
qq , ∆TP
(1),N
qq,± ).
We an easily get the relation between the moments of the oeients of the non-singlet
x-spae expansion and those of the parton distributions at any Q, as expressed by eq. (2.49)
An(N) + αsBn(N) = ∆T q±(N,Q
2
0)K(Q0, Q,N)
(−2∆TPqq(N)
β0
)n
. (2.50)
As a hek of this expression, notie that the initial ondition is easily obtained from (2.50)
setting Q→ Q0, n→ 0, thereby obtaining
ANS0 (N) + αsB
NS
0 (N) = ∆T q±(N,Q
2
0) (2.51)
whih an be solved with ANS0 (N) = ∆T q±(N,Q
2
0) and B
NS
0 (N) = 0.
It is then evident that the expansion (2.37) involves a resummation of the logarithmi on-
tributions, as shown in eq. (2.50).
2.6 An Example: The Evolution of the Transverse Spin Distri-
butions
LO and NLO reursion relations for the oeients of the expansion an be worked out quite
easily, although the numerial implementation of these equations is far from being obvious.
Things are somehow simpler to illustrate in the ase of simple non-singlet evolutions, suh as
those involving transverse spin distributions, as we are going to show below. Some details and
denitions an be found in the appendix.
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Figure 2.2: Plot of the LO kernels for the Q distributions
For the rst reursion relation (eq. (2.38)) we have
A±n+1(x) = −
2
β0
∆TP
(0)
qq (x)⊗A±n (x) =
CF
(
− 4
β0
)[∫ 1
x
dy
y
yA±n (y)− xA±n (x)
y − x +A
±
n (x) log(1− x)
]
+
CF
(
4
β0
)(∫ 1
x
dy
y
A±n (y)
)
+ CF
(
− 2
β0
)
3
2
A±n (x) . (2.52)
As we move to NLO, it is onvenient to summarize the struture of the transverse kernel
∆TP
±,(1)
qq (x) as
∆TP
±,(1)
qq (x) = K
±
1 (x)δ(1 − x) +K±2 (x)S2(x) +K±3 (x) log(x)
+K±4 (x) log
2(x) +K±5 (x) log(x) log(1− x) +K±6 (x)
1
(1 − x)+ +K
±
7 (x) . (2.53)
Hene, for the (+) ase we have
∆TP
+,(1)
qq (x)⊗A+n (x) = K+1 A+n (x) +
∫ 1
x
dy
y
[
K+2 (z)S2(z) +K
+
3 (z) log(z)
+ log2(z)K+4 (z) + log(z) log(1− z)K+5 (z)
]
A+n (y) +
K+6
{∫ 1
x
dy
y
yA+n (y)− xA+n (x)
y − x +A
+
n (x) log(1− x)
}
+K+7
∫ 1
x
dy
y
A+n (y) , (2.54)
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where z = x/y. For the (−) ase we get a similar expression.
Now we are ready to write down the expression for the B±n+1(x) oeient to NLO, similarly
to eq. (2.39). So we get (for the (+) ase)
B+n+1(x) = −B+n (x) +
β1
2β20
{
2CF
[∫ 1
x
dy
y
yA+n (y)− xA+n (x)
y − x +A
+
n (x) log(1− x)
]
+
−2CF
(∫ 1
x
dy
y
A+n (y)
)
+ CF
3
2
A+n (x)
}
− 1
4πβ0
K+1 A
+
n (x) +
∫ 1
x
dy
y
[
K+2 (z)S2(z)+
+ K+3 (z) log(z) + log
2(z)K+4 (z) + log(z) log(1− z)K+5 (z)
] (− 1
4πβ0
)
A+n (y) +
K+6
(
− 1
4πβ0
){[∫ 1
x
dy
y
yA+n (y)− xA+n (x)
y − x +A
+
n (x) log(1− x)
]
+K+7
∫ 1
x
dy
y
A+n (y)
}
−
CF
(
− 4
β0
)[∫ 1
x
dy
y
yB±n (y)− xB±n (x)
y − x +B
±
n (x) log(1− x)
]
+
CF
(
4
β0
)(∫ 1
x
dy
y
B±n (y)
)
+ CF
(
− 2
β0
)
3
2
B±n (x) .
(2.55)
As we have already mentioned, the implementation of these reursion relations require partiular
numerial are, sine, as n inreases, numerial instabilities tend to add up unless high auray
is used in the omputation of the integrals. In partiular we use nite element expansions to
extrat analitially the logarithms in the onvolution (see the disussion in Appendix A). NLO
plots of the oeients An(x) + α(Q
2)Bn(x) are shown in gs. (2.4,2.5) for a spei set of
initial onditions (GRSV, as disussed below). As the index n inreases, the number of nodes
also inreases. A stable implementation an be reahed for several thousands of grid-points and
up to n ≈ 10. Notie that the asymptoti expansion is suppressed by n! and that additional
ontributions (n > 10) are insigniant even at large (> 200 GeV) nal evolution sales Q.
2.7 Nonforward Extensions
In this setion we nally disuss the nonforward extension of the evolution algorithm. In the ase
of nonforward distributions a seond saling parameter ζ ontrols the asymmetry between the
initial and the nal nuleon momentum in the deeply virtual limit of nuleon Compton sattering.
The solution of the evolution equations, in this ase, are known in operatorial form. Single and
double parton distributions are obtained sandwihing the operatorial solution with 4 possible
types of initial/nal states < p|...|p >,< p|...|0 >,< p′|...|p >, orresponding, respetively, to the
ase of diagonal parton distributions, distribution amplitudes and, in the latter ase, skewed and
double parton distributions [28℄. Here we will simply analize the non-singlet ase and disuss the
extension of the forward algorithm to this more general ase. Therefore, given the o-forward
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Figure 2.3: Plot of the NLO kernels for the Q distributions, showing a negative behaviour at
large x
distributions Hq(x, ξ), in Ji's notation, we set up the expansion
Hq(x, ξ) =
∞∑
k=0
Ak(x, ξ)
k!
logk
(
α(Q2)
α(Q20)
)
+ α(Q2)
∞∑
k=0
Bk(x, ξ)
k!
logk
(
α(Q2)
α(Q20)
)
, (2.56)
whih is the natural extension of the forward algorithm disussed in the previous setions. We
reall that in the light-one gauge H(x, ξ) is dened as
Hq(x, ξ,∆
2)) =
1
2
∫
dy−
2π
e−ixP¯
+y−〈P ′|ψ¯q(0, y
−
2
,0⊥)
1
2
γ+ψq(0,
y−
2
,0⊥)|P 〉 (2.57)
with ∆ = P ′ − P , P¯+ = 1/2(P + P¯ ) [27℄ (symmetri hoie) and ξP¯ = 1/2 ∆+.
This distribution desribes for x > ξ and x < −ξ the DGLAP-type region for the quark
and the antiquark distribution respetively, and the ERBL [35℄ (see also [36℄ for an overview)
distribution amplitude for −ξ < x < ξ. In the following we will omit the ∆ dependene from
Hq.
Again, one we insert the ansatz (2.56) into the evolution equations we obtain an innite set
of reursion relations whih we an solve numerially. In LO, it is rather simple to relate the
Gegenbauer moments of the skewed distributions and those of the generalized saling oeients
An. We reall that in the nonforward evolution, the multipliatively renormalizable operators
appearing in the light one expansion are given in terms of Gegenbauer polynomials [28℄. The
Gegenbauer moments of the oeients An of our expansion (2.56) an be easily related to those
of the o-forward distribution
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Cn(ξ,Q
2) = ζn
∫ 1
−1
C3/2n (z/ξ)H(z, ξ,Q
2)dz. (2.58)
The evolution of these moments is rather simple
Cn(ζ,Q
2) = Cn(ζ,Q
2
0)
(
α(Q2)
α(Q20)
)γn/β0
(2.59)
with
γn = CF

1
2
− 1
(n+ 1)(n + 2)
+ 2
n+1∑
j=2
1
j


(2.60)
being the non-singlet anomalous dimensions. If we dene the Gegenbauer moments of our ex-
pansion
A
(n)
k (ξ,Q
2) = ξn
∫ 1
−1
C3/2n (z/ξ)H(z ξ,Q
2)dz (2.61)
we an relate the moments of the two expansions as
A
(n)
k (ξ) = Cn(ζ,Q
2
0)
(
γn
β0
)k
. (2.62)
Notie that expansions similar to (2.56) hold also for other hoies of kinematial variables, suh
as those dening the non-forward distributions [28℄, where the t-hannel longitudinal momentum
exhange ∆+ is related to the longitudinal momentum of the inoming nuleon as ∆ = ζP . We
reall that Hq(x.ξ) as dened in [27℄ an be mapped into two independent distributions Fˆq(X, ζ)
and Fˆq¯(X, ζ) through the mappings [37℄
X1 =
(x1 + ξ)
(1 + ξ)
X2 =
ξ − x2
(1 + ξ)
ξ = ζ/(2− ζ)
Fq(X1, ζ) = 1
1− ζ/2Hq(x1, ξ)
Fq¯(X2, ζ) = −1
1− ζ/2Hq(x2, ξ),
(2.63)
in whih the interval −1 ≤ x ≤ 1 is split into two overings, partially overlapping (for−ξ ≤ x ≤ ξ,
or ERBL region) in terms of the two variables −ξ ≤ x1 ≤ 1 (0 ≤ X1 ≤ 1) and −1 ≤ x2 ≤ ξ
(0 ≤ X2 ≤ 1). In this new parameterization, the momentum fration arried by the emitted
quark is X, as in the ase of ordinary distributions, where it is parametrized by Bjorken x. For
denitess, we fous here on the DGLAP-like (X > ζ) region of the non-singlet evolution. The
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non-singlet kernel is given in this ase by (x ≡ X)
Pζ(x, ζ) =
α
π
CF
(
1
y − x
[
1 +
xx′
yy′
]
− δ(x− y)
∫ 1
0
dz
1 + z2
1− z
)
, (2.64)
we introdue a LO ansatz
Fq(x, ζ) =
∞∑
k=0
Ak(x, ζ)
k!
logk
(
α(Q2)
α(Q20)
)
(2.65)
and insert it into the evolution of this region to obtain the very simple reursion relations
An+1(X, ζ) = − 2
β0
CF
∫ 1
X
dy
y
yAn(y, ζ)− xAn(X, ζ)
y −X −
2
β0
CF
∫ 1
X
dy(X − ζ)
y(y − ζ)
(yAn(X, ζ)−XAn(y, ζ))
y −X
− 2
β0
CF Aˆn(X, ζ)
[
3
2
+ ln
(1−X)2(1− x/ζ)
1− ζ
]
. (2.66)
The reursion relations an be easily redued to a weighted sum of ontributions in whih ζ is a
spetator parameter. Here we will not make a omplete implementation, but we will illustrate
in an appendix the general strategy to be followed. There we show a very aurate analytial
method to evaluate the logarithms generated by the expansion without having to rely on brute-
fore omputations.
2.8 Positivity of the non-singlet Evolution
Positivity of the non-singlet evolution is a simple onsequene of the master-form assoiated to
the non-forward kernel (2.64). As we have already emphasized above, positivity of the initial
onditions are suient to guarantee a positivity of the solution at any sale Q. The master-
form of the equation allows to reinterpret the parton dynamis as a random walk biased toward
small-x values as τ = log(Q2) inreases.
In the non-forward ase the identiation of a transition probability for the random walk
[29℄ assoiated with the evolution of the parton distribution is obtained via the non-forward
transition probability
wζ(x|y) = α
π
CF
1
y − x
[
1 +
x
y
(x− ζ)
y − ζ
]
θ(y > x)
w′ζ(y|x) =
α
π
CF
x2 + y2
x2(x− y)θ(y < x) (2.67)
and the orresponding master equation is given by
dFq
dτ
=
∫ 1
x
dy wζ(x|y)Fq(y, ζ, τ)−
∫ x
0
dy w′ζ(y|x)Fq(x, ζ, τ), (2.68)
that an be re-expressed in a form whih is a simple generalization of the formula for the forward
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evolution [29℄
dFq
d logQ2
=
∫ 1
x
dy wζ(x|y)Fq(y, ζ, τ)−
∫ x
0
dy w′ζ(y|x)Fq(x, ζ, τ)
= −
∫ α(x)
0
dywζ(x+ y|x) ∗ Fq(x, ζ, τ) +
∫ −x
0
dy w′ζ(x+ y|x)Fq(x, ζ, τ), (2.69)
where a Moyal-like produt appears
wζ(x+ y|x) ∗ Fq(x, ζ, τ) ≡ wζ(x+ y|x)e−y
“←−
∂ x+
−→
∂ x
”
Fq(x, ζ, τ) (2.70)
and α(x) = x− 1. A Kramers-Moyal expansion of the equation allows to generate a dierential
equation of innite order with a parametri dependene on ζ
dFq
d logQ2
=
∫ 0
α(x)
dy wζ(x+ y|x)Fq(x, ζ, τ) +
∫ −x
0
dy w′ζ(x+ y|x)Fq(x, ζ, τ)
−
∞∑
n=1
∫ α(x)
0
dy
(−y)n
n!
∂x
n (wζ(x+ y|x)Fq(x, ζ, τ)) . (2.71)
We dene
a˜0(x, ζ) =
∫ 0
α(x)
dywζ(x+ y|x)Fq(x, ζ, τ) +
∫ −x
0
dy w′ζ(x+ y|x)Fq(x, ζ, τ)
an(x, ζ) =
∫ α(x)
0
dy ynwζ(x+ y|x)Fq(x, ζ, τ)
a˜n(x, ζ) =
∫ α(x)
0
dyyn∂x
n (wζ(x+ y|x)Fq(x, ζ, τ)) n = 1, 2, ... (2.72)
If we arrest the expansion at the rst two terms (n = 1, 2) we are able to derive an approximate
equation desribing the dynamis of partons for non-diagonal transitions. The proedure is a
slight generalization of the method presented in [29℄, to whih we refer for further details. For
this purpose we use the identities
a˜1(x, ζ) = ∂xa1(x, ζ)− α(x)∂xα(x)wζ(x+ α(x)|x)Fq(x, ζ, τ)
a˜2(x, ζ) = ∂
2
xa2(x, ζ)− 2α(x)(∂xα(x))2wζ(x+ α(x)|x)Fq(x, ζ, τ)
−α(x)2∂xα(x)∂x (wζ(x+ α(x)|x)Fq(x, ζ, τ))
−α2(x)∂xα(x)∂x (wζ(x+ y|x)Fq(x, ζ, τ)) |y=α(x). (2.73)
whih allow to ompute the rst few oeients of the expansion. Using these relations, the
Fokker-Plank approximation to this equation an be worked out expliitely. We omit details
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on the derivation whih is unobvious sine partiular are is needed to regulate the (aneling)
divergenes and just quote the result.
A lengthy omputation gives
dFq
dτ
=
α
π
CF
(
x0,−3
(x− ζ)3 +
x0,−1
(x− ζ) + x0,0
)
Fq(x, ζ, τ)
+
α
π
CF
(
x1,−3
(x− ζ)3 +
x1,−1
(x− ζ)
)
∂xFq(x, ζ, τ) + α
π
CF
x0,−3
(x− ζ)3∂
2
xFq(x, ζ, τ)
(2.74)
where we have dened
x0,−3 =
−
(
(−1 + x)3 (17x3 − ζ2 (3 + 4ζ) + 3xζ (3 + 5ζ)− 3x2 (3 + 7ζ)))
12x3
x0,−1 =
−29x4 − 3 + x2 (−1 + ζ) + 2ζ − 2x (1 + 3ζ) + x3 (12 + 23ζ)
3x3
x0,0 = 4 +
1
2x2
− 3
x
+ 2 log
(1− x)
x
x1,−1 =
− ((−1 + 6x− 15x2 + 14x3) (x− ζ))
3x2
x1,−3 =
1
2
− 5x
3
+ 5x3 − 23x
4
6
+
7ζ
3
− 3ζ
4x
+
5xζ
2
−15x2ζ + 131x
3ζ
12
− 5ζ
2
2
+
ζ2
4x2
− ζ
2
x
+ 13xζ2 − 39x
2ζ2
4
− 3ζ3 + ζ
3
3x2
+
8xζ3
3
x2,−3 =
−
(
(−1 + x)2 (x− ζ)2 (3 + 23x2 + 4ζ − 2x (7 + 8ζ)))
24x
. (2.75)
This equation and all the equations obtained by arresting the Kramers-Moyal expansion to
higher order provide a omplementary desription of the non-forward dynamis in the DGLAP
region, at least in the non-singlet ase. Moving to higher order is straightforward although the
results are slightly lengthier. A full-edged study of these equations is under way and we expet
that the DGLAP dynamis is reobtained - diretly from these equations - as the order of the
approximation inreases.
2.9 Model Comparisons, Saturation and the Tensor Charge
In this last setion we disuss some implementations of our methods to the standard (forward)
evolution by doing a NLO model omparisons both in the analysis of Soer's inequality and for
the evolution of the tensor harge. We have seleted two models, motivated quite independently
and we have ompared the predited evolution of the Soer bound at an aessable nal evolution
sale around 100 GeV for the light quarks and around 200 GeV for the heavier generations. At
this point we reall that in order to generate suitable initial onditions for the analysis of Soer's
inequality, one needs an ansatz in order to quantify the dierene between its left-hand side and
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right-hand side at its initial value.
The well known strategy to build reasonable initial onditions for the transverse spin distri-
bution onsists in generating polarized distributions (starting from the unpolarized ones) and
then saturate the inequality at some lowest sale, whih is the approah we have followed for all
the models that we have implemented.
Following Ref. [38℄ (GRSV model), we have used as input distributions - in the unpolarized
ase - the formulas in Ref. [39℄, alulated to NLO in the MS sheme at a sale Q20 = 0.40GeV
2
x(u− u)(x,Q20) = 0.632x0.43(1− x)3.09(1 + 18.2x)
x(d− d)(x,Q20) = 0.624(1 − x)1.0x(u− u)(x,Q20)
x(d− u)(x,Q20) = 0.20x0.43(1− x)12.4(1− 13.3
√
x+ 60.0x)
x(u+ d)(x,Q20) = 1.24x
0.20(1− x)8.5(1− 2.3√x+ 5.7x)
xg(x,Q20) = 20.80x
1.6(1− x)4.1 (2.76)
and xqi(x,Q
2
0) = xqi(x,Q
2
0) = 0 for qi = s, c, b, t.
We have then related the unpolarized input distribution to the longitudinally polarized ones
by as in Ref. [38℄
x∆u(x,Q20) = 1.019x
0.52(1− x)0.12xu(x,Q20)
x∆d(x,Q20) = −0.669x0.43xd(x,Q20)
x∆u(x,Q20) = −0.272x0.38xu(x,Q20)
x∆d(x,Q20) = x∆u(x,Q
2
0)
x∆g(x,Q20) = 1.419x
1.43(1− x)0.15xg(x,Q20) (2.77)
and x∆qi(x,Q
2
0) = x∆qi(x,Q
2
0) = 0 for qi = s, c, b, t.
Following [40℄, we assume the saturation of Soer inequality:
x∆T qi(x,Q
2
0) =
xqi(x,Q
2
0) + x∆qi(x,Q
2
0)
2
(2.78)
and study the impat of the dierent evolutions on both sides of Soer's inequality at various
nal evolution sales Q.
In the implementation of the seond model (GGR model) we have used as input distributions
in the unpolarized ase the CTEQ4 parametrization [41℄, alulated to NLO in the MS sheme
at a sale Q0 = 1.0GeV
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x(u− u)(x,Q20) = 1.344x0.501(1− x)3.689(1 + 6.402x0.873)
x(d− d)(x,Q20) = 0.64x0.501(1− x)4.247(1 + 2.69x0.333)
xs(x,Q20) = xs(x,Q
2
0) = 0.064x
−0.143(1− x)8.041(1 + 6.112x)
x(d− u)(x,Q20) = 0.071x0.501(1− x)8.041(1 + 30.0x)
x(u+ d)(x,Q20) = 0.255x
−0.143(1− x)8.041(1 + 6.112x)
xg(x,Q20) = 1.123x
−0.206(1− x)4.673(1 + 4.269x1.508) (2.79)
and xqi(x,Q
2
0) = xqi(x,Q
2
0) = 0 for qi = c, b, t and we have related the unpolarized input
distribution to the longitudinally polarized ones by the relations [42℄
x∆u(x,Q20) = xηu(x)xu(x,Q
2
0)
x∆u(x,Q20) = cos θD(x,Q
2
0)
[
x(u− u)− 2
3
x(d− d)
]
(x,Q20) + x∆u(x,Q
2
0)
x∆d(x,Q20) = xηd(x)xd(x,Q
2
0)
x∆d(x,Q20) = cos θD(x,Q
2
0)
[
−1
3
x(d− d)(x,Q20)
]
+ x∆d(x,Q20)
x∆s(x,Q20) = x∆s(x,Q
2
0) = xηs(x)xs(x,Q
2
0) (2.80)
and x∆qi(x,Q
2
0) = x∆qi(x,Q
2
0) = 0 for qi = c, b, t.
A so-alled spin dilution fator as dened in [42℄, whih appears in the equations above is
given by
cos θD(x,Q
2
0) =
[
1 +
2αs(Q
2)
3
(1− x)2√
x
]−1
. (2.81)
In this seond (GGR) model, in regard to the initial onditions for the gluons, we have made use
of two dierent options, haraterized by a parameter η dependent on the orresponding option.
The rst option, that we will denote by GGR1, assumes that gluons are moderately polarized
x∆g(x,Q20) = x · xg(x,Q20)
ηu(x) = ηd(x) = −2.49 + 2.8
√
x
ηs(x) = −1.67 + 2.1
√
x, (2.82)
while the seond option (GGR2) assumes that gluons are not polarized
x∆g(x,Q20) = 0
ηu(x) = ηd(x) = −3.03 + 3.0
√
x
ηs(x) = −2.71 + 2.9
√
x. (2.83)
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We have plotted both ratios ∆T /f
+
and dierenes (xf+−x∆Tf) for various avours as a fun-
tion of x. For the up quark, while the two models GGR1 and GGR2 are pratially overlapping,
the dierene between the GGR and the GRSV models in the the ratio ∆Tu/u
+
is only slightly
remarked in the intermediate x region (0.1− 0.5). In any ase, it is just at the few perent level
(Fig. (2.6)), while the inequality is satised with a ratio between the plus heliity distribution
and transverse around 10 perent from the saturation value, and above. There is a wider gap in
the inequality at small x, region haraterized by larger transverse distribution, with values up
to 40 perent from saturation. A similar trend is notied for the x-behaviour of the inequality in
the ase of the down quark (Fig. 2.7). In this latter ase the GGR and the GRSV model show a
more remarked dierene, espeially for intermediate x-values. An interesting features appears
in the orresponding plot for the strange quark (Fig.(2.8)), showing a muh wider gap in the
inequality (50 perent and higher) ompared to the other quarks. Here we have plotted results
for the two GGR models (GGR1 and GGR2). Dierently from the ase of the other quarks, in
this ase we observe a wider gap between lhs and rhs at larger x values, inreasing as x→ 1. In
gs. (2.9)and (2.10) we plot the dierenes (xf+−x∆T f) for strange and harm and for bottom
and top quarks respetively, whih show a muh more redued evolution from the saturation
value up to the nal orresponding evolving sales (100 and 200 GeV). As a nal appliation
we nally disuss the behaviour of the tensor harge of the up quark for the two models as a
funtion of the nal evolution sale Q. We reall that like the isosalar and the isovetor axial
vetor harges dened from the forward matrix element of the nuleon, the nuleon tensor harge
is dened from the matrix element of the tensor urrent
〈PST |ψ¯σµνγ5λaψ|P, ST 〉 = 2δqa(Q20)
(
PµSνT − P νSµT
)
(2.84)
where δaq(Q20) denotes the avour (a) ontribution to the nuleon tensor harge at a sale Q0
and ST is the transverse spin.
In g. (2.11) we plot the evolution of the tensor harge for the models we have taken in
exam. At the lowest evolution sales the harge is, in these models, above 1 and dereases
slightly as the fatorization sale Q inreases. We have performed an evolution up to 200 GeV as
an illustration of this behaviour. There are substantial dierenes between these models, as one
an easily observe, whih are around 20 perent. From the analysis of these dierenes at various
fatorization sales we an onnet low energy dynamis to observables at higher energy, thereby
distinguishing between the various models. Inlusion of the orret evolution, up to subleading
order is, in general, essential.
2.10 Conlusions
We have illustrated the use of x-spae based algorithms for the solution of evolution equations in
the leading and in the next-to-leading approximation and we have provided some appliations of
the method both in the analysis of Soer's inequality and in the investigation of other relations,
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suh as the evolution of the proton tensor harge, for various models. The evolution has been
implemented using a suitable base, relevant for an analysis of positivity in LO, using kineti
arguments. The same kineti argument has been used to prove the positivity of the evolution
of h1 and of the tensor harge up to NLO. In our implementations we have ompletely relied
on reursion relations without any referene to Mellin moments. We have provided several
illustrations of the reursive algorithm and extended it to the non-forward evolution up to NLO.
Building on previous work for the forward evolution, we have presented a master-form of the
non-singlet evolution of the skewed distributions, a simple proof of positivity and a related
Kramers Moyal expansion, valid in the DGLAP region of the skewed evolution for any value
of the asymmetry parameter ζ. We hope to return with a omplete study of the nonforward
evolution and related issues not disussed here in the near future.
2.11 Appendix A. Weighted Sums
In this appendix we briey illustrate the redution of reursion relations to analyti expressions
based on nite element deompositions of the orresponding integrals. The method allows to
write in analyti forms the most dangerous integrals thereby eliminating possible soures of insta-
bilities in the implementation of the reursion relations. The method uses a linear interpolation
formula for the oeients An, Bn whih, in priniple an also be extended to higher (quadrati)
order. However, enugh auray an be ahieved by inreasing the grid points in the disretiza-
tion. Notie that using this method we an reah any auray sine we have losed formulas for
the integrals. In pratie these and similar equations are introdued analytially as funtions in
the numerial integration proedures.
Below, we will use a simplied notation (X ≡ x for simpliity).
We dene P¯ (x, ζ) ≡ xP (x, ζ) and A¯(x, ζ) ≡ xA(x) and the onvolution produts
J(x) ≡
∫ 1
x
dy
y
(
x
y
)
P
(
x
y
, ζ
)
A¯(y). (2.85)
The integration interval in y at any xed x-value is partitioned in an array of inreasing points
ordered from left to right (x0, x1, x2, ..., xn, xn+1) with x0 ≡ x and xn+1 ≡ 1 being the upper
edge of the integration region. One onstruts a resaled array (x, x/xn, ..., x/x2, x/x1, 1). We
dene si ≡ x/xi, and sn+1 = x < sn < sn−1 < ...s1 < s0 = 1. We get
J(x, ζ) =
N∑
i=0
∫ xi+1
xi
dy
y
(
x
y
)
P
(
x
y
, ζ
)
A¯(y, ζ) (2.86)
At this point we introdue the linear interpolation
A¯(y, ζ) =
(
1− y − xi
xi+1 − xi
)
A¯(xi, ζ) +
y − xi
xi+1 − xi A¯, ζ(xi+1) (2.87)
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and perform the integration on eah subinterval with a hange of variable y− > x/y and replae
the integral J(x, ζ) with its disrete approximation JN (x) to get
JN (x, ζ) = A¯(x0)
1
1− s1
∫ 1
s1
dy
y
P (y, ζ)(y − s1)
+
N∑
i=1
A¯(xi, ζ)
si
si − si+1
∫ si
si+1
dy
y
P (y)(y − si+1)
−
N∑
i=1
A¯(xi, ζ)
si
si−1 − si
∫ si−1
si
dy
y
P (y, ζ)(y − si−1)
(2.88)
with the ondition A¯(xN+1, ζ) = 0. Introduing the oeients W (x, x, ζ) and W (xi, x, ζ), the
integral is ast in the form
JN (x, ζ) = W (x, x, ζ)A¯(x, ζ) +
n∑
i=1
W (xi, x, ζ)A¯(xi, ζ) (2.89)
where
W (x, x, ζ) =
1
1− s1
∫ 1
s1
dy
y
(y − s1)P (y, ζ),
W (xi, x, ζ) =
si
si − si+1
∫ si
si+1
dy
y
(y − si+1)P (y, ζ)
− si
si−1 − si
∫ si−1
si
dy
y
(y − si−1)P (y, ζ).
(2.90)
For instane, after some manipulations we get
∫ 1
X
dy
y
yAn(y, ζ)− xAn(X, ζ)
y −X = In0(x)An(x, ζ)+
N∑
i+1
(Jni(x)− Jnti(x))An(xi)−ln(1−x)An(x, ζ)
(2.91)
where
I0(x) =
1
1− s1 log(s1) + log(1− s1)
Ji(x) =
1
si − si+1
[
log
(
1− si+1
1− si
)
+ si+1 log
(
1− si
1− si+1
si+1
si
)]
J′i(x) =
1
si−1 − si
[
log
(
1− si
1− si−1
)
+ si−1 log
(
si
si−1
)
+ si−1
(
1− si−1
1− si
)]
, i = 2, 3, ..N
J1(x) =
1
1− s1 log s1.
(2.92)
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These funtions, as shown here, and similar ones, are omputed one and for all the kernels and
allow to obtain very fast and extremely aurate implementations for any ζ.
Figure 2.4: Coeients An(x) + αs(Q
2)Bn, with n = 0, . . . , 4 for a nal sale Q = 100 GeV for
the quark up.
2.12 Appendix B
nf A B
3 12.5302 12.1739
4 10.9569 10.6924
5 9.3836 9.2109
6 7.8103 7.7249
Table 1. Coeients A and B for various avour, to NLO for ∆TPqq,±.
2.13 Appendix C
Here we dene some notations in regard to the reursion relations used for the NLO evolution
of the transverse spin distributions.
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Figure 2.5: Coeients An(x) + αs(Q
2)Bn, with n = 0, . . . , 4 for a nal sale Q = 100 GeV for
the quark down.
For the (+) ase we have these expressions
K+1 (x) =
1
72
CF (−2nf (3 + 4π2) +NC(51 + 44π2 − 216ζ(3)) + 9CF (3− 4π2 + 48ζ(3))
K+2 (x) =
2CF (−2CF +NC)x
1 + x
(2.93)
K+3 (x) =
CF (9CF − 11NC + 2nf )x
3(x− 1) (2.94)
K+4 (x) =
CFNCx
1− x (2.95)
K+5 (x) =
4C2Fx
1− x (2.96)
K+6 (x) = −
1
9
CF (10nf +NC(−67 + 3π2)) (2.97)
K+7 (x) =
1
9
CF (10nf +NC(−67 + 3π2)) (2.98)
(2.99)
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Figure 2.6: Test of Soer's inequality for quark up at Q = 100 GeV for dierent models.
and for the (−) ase we have
K−1 (x) =
1
72
CF (−2nf (3 + 4π2) +NC(51 + 44π2 − 216ζ(3)) + 9CF (3− 4π2 + 48ζ(3))
K−2 (x) =
2CF (+2CF −NC)x
1 + x
(2.100)
K−3 (x) =
CF (9CF − 11NC + 2nf )x
3(x− 1) (2.101)
K−4 (x) =
CFNCx
1− x (2.102)
K−5 (x) =
4C2Fx
1− x (2.103)
K−6 (x) = −
1
9
CF (10nf +NC(−67 + 3π2)) (2.104)
K−7 (x) = −
1
9
CF (10nf − 18CF (x− 1) +NC(−76 + 3π2 + 9x)) (2.105)
(2.106)
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Figure 2.7: Test of Soer's inequality for quark down at Q = 100 GeV for dierent models
Figure 2.8: Test od Soer's inequality for quark strange at Q = 100 GeV for dierent models
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Figure 2.9: Soer's inequality for strange and harm in the GRSV model.
Figure 2.10: Soer's inequality for bottom and top in the GRSV model.
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Figure 2.11: Tensor harge gT as a funtion of Q for up and down quark for the GRSV and GGR
models.
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Chapter 3
Double Transverse-Spin Asymmetries in
DrellYan Proesses with Antiprotons
3.1 Introdution
In this hapter we will use what we learned about the evolution of the transversely polarized
parton distributions to make preditions about the NLO asymmetry in DY proesses with trans-
versely polarized antiprotons.
1
The experiments with antiproton beams planned for the next deade in the High-Energy Stor-
age Ring at GSI will provide a variety of perturbative and non-perturbative tests of QCD [44℄.
In partiular, the possible availability of transversely polarised antiprotons opens the way to
diret investigation of transversity, whih is urrently one of the main goals of high-energy spin
physis [45℄. The quark transversity (i.e. transverse polarisation) distributions ∆T q were rst
introdued and studied in the ontext of transversely polarised DrellYan (DY) prodution [46℄;
this is indeed the leanest proess probing these quantities. In fat, whereas in semi-inlusive
deep-inelasti sattering transversity ouples to another unknown quantity, the Collins frag-
mentation funtion [47℄, rendering the extration of ∆T q a not straightforward task, the DY
double-spin asymmetry
ADYTT ≡
dσ↑↑ − dσ↑↓
dσ↑↑ − dσ↑↓ =
∆Tσ
σ
unp
(3.1)
only ontains ombinations of transversity distributions. At leading order, for instane, for the
proess p↑p↑ → ℓ+ℓ−X one has
ADYTT = aTT
∑
q e
2
q [∆T q(x1,M
2)∆T q¯(x2,M
2) + ∆T q¯(x1,M
2)∆T q(x2,M
2)]∑
q e
2
q[q(x1,M
2) q¯(x2,M2) + q¯(x1,M2) q(x2,M2)]
, (3.2)
where M is the invariant mass of the lepton pair, q(x,M2) is the unpolarised distribution fun-
tion, and aTT is the spin asymmetry of the QED elementary proess qq¯ → ℓ+ℓ−. In the dilepton
1
Based on the artile [43℄
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entre-of-mass frame, integrating over the prodution angle θ, one has
aTT (ϕ) =
1
2 cos 2ϕ , (3.3)
where ϕ is the angle between the dilepton diretion and the plane dened by the ollision and
polarisation axes.
Measurement of p↑p↑ DY is planned at RHIC [48℄. It turns out, however, that ADYTT (pp) is
rather small at suh energies [49, 50, 51℄, no more than a few perent (similar values are found
for double transverse-spin asymmetries in prompt-photon prodution [52℄ and single-inlusive
hadron prodution [53℄). The reason is twofold: 1) ADYTT (pp) depends on antiquark transversity
distributions, whih are most likely to be smaller than valene transversity distributions; 2)
RHIC kinematis (
√
s = 200GeV, M < 10GeV and x1x2 = M
2/s . 3 × 10−3) probes the
low-x region, where QCD evolution suppresses ∆T q(x,M
2) as ompared to the unpolarised
distribution q(x,M2) [54, 55℄. The problem may be irumvented by studying transversely
polarised protonantiproton DY prodution at more moderate energies. In this ase a muh
larger asymmetry is expeted [49, 56, 57℄ sine ADYTT (pp¯) is dominated by valene distributions at
medium x. The PAX ollaboration has proposed the study of p↑p¯↑ DrellYan prodution in the
High-Energy Storage Ring (HESR) at GSI, in the kinemati region 30GeV2 . s . 200GeV2,
2GeV . M . 10GeV and x1x2 & 0.1 [58℄. An antiproton polariser for the PAX experiment is
urrently under study [59℄: the aim is to ahieve a polarisation of 3040%, whih would render
the measurement of ADYTT (pp¯) very promising.
Leading-order preditions for the pp¯ asymmetry at moderate s were presented in [56℄. It was
also suggested there to aess transversity in the J/ψ resonane prodution region, where the
prodution rate is muh higher. The purpose of this study is to extend the alulations of [56℄
to next-to-leading order (NLO) in QCD.
2
This is a neessary hek of the previous onlusions,
given the moderate values of s in whih we are interested. We shall see that the NLO orretions
are atually rather small and double transverse-spin asymmetries are onrmed to be of order
2040%.
3.2 The kinematis
The kinemati variables desribing the DrellYan proess are (1 and 2 denote the olliding
hadrons):
ξ1 =
√
τ ey , ξ2 =
√
τ e−y , y =
1
2
ln
ξ1
ξ2
, (3.4)
with τ = M2/s. We denote by x1 and x2 the longitudinal momentum frations of the inident
partons. At leading order, ξ1 and ξ2 oinide with x1 and x2, respetively. The QCD fatorisation
formula for the transversely polarised ross-setion for the protonantiproton DrellYan proess
2
The results presented here were ommuniated at the QCDPAC meeting at GSI (Marh 2005) and reported
by one of us (M.G.) at the Int. Workshop Transversity 2005 (Como, September 2005) [60℄.
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is
d∆Tσ
dM dy dϕ
=
∑
q
e2q
∫ 1
ξ1
dx1
∫ 1
ξ2
dx2
[
∆T q(x1, µ
2)∆T q(x2, µ
2)
+ ∆T q¯(x1, µ
2)∆T q¯(x2, µ
2)
] d∆T σˆ
dM dy dϕ
, (3.5)
where µ is the fatorisation sale and we take the quark (antiquark) distributions of the
antiproton equal to the antiquark (quark) distributions of the proton. Note that, sine gluons
annot be transversely polarised (there is no suh thing as a gluon transversity distribution for
a spin one-half objet like the proton), only quarkantiquark annihilation subproesses (with
their radiative orretions) ontribute to d∆Tσ. In Eq. (3.5) we use the fat that antiquark
distributions in antiprotons equal quark distributions in protons, and vieversa. At NLO, i.e. at
order αs, the hard-sattering ross-setion d∆T σˆ
(1)
, taking the diagrams of Fig. 3.1 into aount,
is given by [50℄
d∆T σˆ
(1),MS
dM dy dϕ
=
2α2
9sM
CF
αs(µ
2)
2π
4τ(x1x2 + τ)
x1x2(x1 + ξ1)(x2 + ξ2)
cos(2ϕ)
×
{
δ(x1 − ξ1)δ(x2 − ξ2)
[
1
4
ln2
(1− ξ1)(1− ξ2)
τ
+
π2
4
− 2
]
+ δ(x1 − ξ1)
[
1
(x2 − ξ2)+ ln
2x2(1− ξ1)
τ(x2 + ξ2)
+
(
ln(x2 − ξ2)
x2 − ξ2
)
+
+
1
x2 − ξ2 ln
ξ2
x2
]
+
1
2[(x1 − ξ1)(x2 − ξ2)]+ +
(x1 + ξ1)(x2 + ξ2)
(x1ξ2 + x2ξ1)2
−
3 ln
(
x1x2+τ
x1ξ2+x2ξ1
)
(x1 − ξ1)(x2 − ξ2)
+ ln
M2
µ2
[
δ(x1 − ξ1)δ(x2 − ξ2)
(
3
4
+
1
2
ln
(1− ξ1)(1− ξ2)
τ
)
+
δ(x1 − ξ1)
(x2 − ξ2)+
]}
+
[
1↔ 2], (3.6)
where we have taken the fatorisation sale µ equal to the renormalisation sale. In our alula-
tions we set µ = M .
(a) (b) ()
Figure 3.1: Elementary proesses ontributing to the transverse DrellYan ross-setion at NLO:
(a, b) virtual-gluon orretions and () real-gluon emission.
The unpolarised DrellYan dierential ross-setion an be found, for instane, in [61℄; besides
the diagrams of Fig. 3.1, it also inludes the ontribution of quarkgluon sattering proesses.
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3.3 DrellYan Asymmetries
To ompute the DrellYan asymmetries we need an assumption for the transversity distributions,
whih as yet are ompletely unknown. We might suppose, for instane, that transversity equals
heliity at some low sale, as suggested by onnement models [54℄ (this is exatly true in the
non-relativisti limit). Thus, one possibility is
∆T q(x, µ
2
0) = ∆q(x, µ
2
0) , (3.7)
where typially µ0 . 1GeV. Another possible assumption for ∆T q is the saturation of Soer's
inequality [62℄, namely ∣∣∆T q(x, µ20)∣∣ = 12[q(x, µ20) + ∆q(x, µ20)], (3.8)
whih represents an upper bound on the transversity distributions.
Sine Eqs. (3.7) and (3.8) make sense only at very low sales, in pratial alulations one
has to resort to radiatively generated heliity and number densities, suh as those provided by
the GRV ts [63℄. The GRV starting sale is indeed (at NLO) µ20 = 0.40GeV
2
. We should
however bear in mind that in the GRV parametrisation there is a sizeable gluon ontribution
to the nuleon's heliity already at the input sale (∆g is of order 0.5). On the other hand,
as already mentioned, gluons do not ontribute to the nuleon's transversity. Thus, use of
Eq. (3.7) with the GRV parametrisation may lead to substantially underestimating the quark
transversity distributions and hene is a sort of minimal bound for transversity. Inidentally,
the experimental veriation or otherwise of the theoretial preditions of ATT based on the
low-sale onstraints (3.7, 3.8) would represent an indiret test of the valene glue hypothesis
behind the GRV ts. Note too that, although the assumption (3.7) may, in priniple, violate the
Soer inequality, we have expliitly heked that this is not the ase with all the distributions
we use.
After setting the initial ondition (3.7) or (3.8), all distributions are evolved at NLO aording
to the appropriate DGLAP equations (for transversity, see [64℄; the numerial odes we use to
solve the DGLAP equations are desribed in [3℄). The u setor of transversity is displayed in
Fig. 3.2 for the minimal bound (3.7) and for the Soer bound (3.8).
The transverse DrellYan asymmetry ADYTT /aTT , integrated overM between 2GeV and 3GeV
(i.e. below the J/ψ resonane region), for various values of s is shown in Fig. 3.3. As an be
seen, the asymmetry is of order of 30% for s = 30GeV2 (xed-target option) and dereases
by a fator two for a entre-of-mass energy typial of the ollider mode (s = 200GeV2). The
orresponding asymmetry obtained by saturating the Soer bound, that is by using Eq. (3.8) for
the input distributions, is displayed in Fig. 3.4. As expeted, it is systematially larger, rising
to over 50% for xed-target kinematis.
Above the J/ψ peak ADYTT /aTT appears as shown in Fig. 3.5, where we present the results
obtained with the minimal bound (3.7). Comparing Figs. 3.3 and 3.5, we see that the asymmetry
inreases at larger M (reall though that the ross-setion falls rapidly with growing M).
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The importane of NLO QCD orretions may be appreiated from Fig. 3.6, where one
sees that the NLO eets hardly modify the asymmetry sine the K fators of the transversely
polarised and unpolarised ross-setions are similar to eah other and therefore anel out in the
ratio. As for the dependene on the fatorisation sale µ (we reall that the results presented in
all gures are obtained setting µ = M), we have repeated the alulations with two other hoies
(µ = 2M and µ = M/2) and found no sensible dierenes.
A aveat is in order at this point. The GSI kinematis is dominated by the domain of large
τ and large z = τ/x1x2, where real-gluon emission is suppressed and where there are powers of
large logarithms of the form ln(1 − z), whih need to be resummed to all orders in αs [65℄. It
turns out that the eets of threshold resummation on the asymmetry ADYTT in the regime we
are onsidering, although not irrelevant, are rather small (about 10%) if somewhat dependent
on the infrared uto for soft-gluon emission.
The feasibility of the ATT measurement at GSI has been thoroughly investigated by the PAX
Collaboration (see App. F of [58℄). In ollider mode, with a luminosity of 5 · 1030 m−2 s−1, a
proton polarisation of 80%, an antiproton polarisation of 30% and onsidering dimuon invariant
masses down to M = 2GeV, after one year's data taking one expets a few hundred events per
day and a statistial auray on ATT of 1020%.
3.4 The J/ψ region
Before onluding, we briey omment on the possibility of aessing transversity via J/ψ pro-
dution in pp¯ sattering. It is known that the dilepton prodution rate around M = 3GeV, i.e.
at the J/ψ peak, is two orders of magnitude higher than in the region M ≃ 4GeV. Thus, with
a luminosity of 5 · 1030 m−2 s−1, one expets a number of pp¯→ J/ψ → ℓ−ℓ+ events of order 105
per year at GSI ollider energies. This renders the measurement of ATT in the J/ψ-resonane
region extremely advantageous from a statistial point of view.
As explained in [56℄, if J/ψ formation is dominated by the qq¯ annihilation hannel, at leading
order the double transverse-spin asymmetry at the J/ψ peak has the same struture as the
asymmetry for DrellYan ontinuum prodution, sine the J/ψ is a vetor partile and the
qq¯ J/ψ oupling has the same heliity struture as the qq¯γ∗ oupling. The CERN SPS data [66℄
show that the pp¯ ross-setion for J/ψ prodution at s = 80GeV2 is about ten times larger than
the orresponding pp ross-setion, whih is a strong indiation that the qq¯-fusion mehanism is
indeed dominant. Therefore, at the s values of interest here (s . 200GeV2) dilepton prodution
in the J/ψ resonane region an be desribed in a manner analogous to DrellYan ontinuum
prodution, with the elementary subproess qq¯ → γ∗ → ℓ−ℓ+ replaed by qq¯ → J/ψ → ℓ−ℓ+ [67℄.
Using this model, whih suessfully aounts for the SPS J/ψ prodution data at moderate
values of s, it was found in [56℄ that the transverse asymmetry at the J/ψ peak is of the order
of 2530%.
At next-to-leading order, due to QCD radiative orretions, one annot use a point-like
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qq¯ J/ψ oupling, and therefore it is not possible to extend in a straightforward way the model
used to evaluate ATT at leading order. Were NLO eets not dominant, as is the ase for
ontinuum prodution, one ould still expet the J/ψ asymmetry to be quite sizeable, but this
is no more than an eduated guess. What we wish to emphasise, however, is the importane
of experimentally investigating the J/ψ double transverse-spin asymmetry, whih an shed light
both on the transversity ontent of the nuleon and on the mehanism of J/ψ formation (sine
gluon-initiated hard proesses do not ontribute to the transversely polarised sattering, the
study of ATT in the J/ψ resonane region may give information on the relative weight of gluon
and quark-antiquark subproesses in J/ψ prodution).
3.5 Conlusions
In onlusion, experiments with polarised antiprotons at GSI will represent a unique opportunity
to investigate the transverse polarisation struture of hadrons. The present hapter, whih
onrms the results of [56℄, shows that the double transverse-spin asymmetries are large enough
to be experimentally measured and therefore represent the most promising observables to diretly
aess the quark transversity distributions.
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Figure 3.2: The u and u¯ transversity distributions, as obtained from the GRV parametrisation
and Eq. (3.7), top panel, or Eq. (3.8), bottom: x∆Tu at µ
2 = µ20 = 0.40GeV
2
(dashed urve)
and µ2 = 9GeV2 (solid urve); x∆T u¯ at µ
2 = µ20 = 0.40GeV
2
(dotted urve) and µ2 = 9GeV2
(dotdashed urve). Note that the u¯ transversity distributions have been multiplied by a fator
of 10.
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Figure 3.3: The NLO double transverse-spin asymmetry ATT (y)/aTT , integrated between M =
2GeV and M = 3GeV, for various values of s; the minimal bound (3.7) is used for the input
distributions.
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Figure 3.4: As Fig. 3.3, but with input distributions orresponding to the Soer bound (3.8).
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Figure 3.5: The NLO double transverse-spin asymmetry ATT (y)/aTT , integrated between M =
4GeV and M = 7GeV, for various values of s; the minimal bound (3.7) is used for the input
distributions.
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Figure 3.6: NLO vs. LO double transverse-spin asymmetry ATT (y)/aTT at M = 4GeV for
s = 45GeV2 and s = 200GeV2; the minimal bound (3.7) is used for the input distributions.
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Chapter 4
On the Sale Variation of the Total
Cross Setion for Higgs Prodution at
the LHC and at the Tevatron
The validity of the mehanism of mass generation in the Standard Model will be tested at the
new ollider, the LHC. For this we require preision studies in the Higgs setor to onrm its
existene. This program involves a rather omplex analysis of the QCD bakgrounds with the
orresponding radiative orretions fully taken into aount. Studies of these orretions for
spei proesses have been performed by various groups, to an auray whih has reahed the
next-to-next-to-leading order (NNLO) level in αs, the QCD oupling onstant. The quantiation
of the impat of these orretions requires the determination of the hard sattering partoni
ross setions up to order α3s, together with the DGLAP kernels ontrolling the evolution of the
parton distributions determined at the same perturbative order. Therefore, the study of the
evolution of the parton distributions, using the three-loop results on the anomalous dimensions
[17℄, is ritial for the suess of this program. Originally NNLO preditions for some partiular
proesses suh as total ross setions [68℄ have been obtained using the approximate expressions
for these kernels [69℄. The ompletion of the exat omputation of the NNLO DGLAP kernels
motivates more detailed studies of the same observables based on these exat kernels and the
investigation of the fatorization (µF ) and renormalization (µR) sale dependenes of the result,
whih are still missing. In this work we are going to reanalyze these issues from a broader
perspetive. Our analysis is here exemplied in the ase of the total ross setions at the LHC
(pp) and at the Tevatron (pp¯) for Higgs prodution using the hard satterings omputed in [68℄
and their dependene on the fatorization and renormalization sales. Our study is based on the
exat and well dened NNLO omputations of the hard satterings for this proess and we have
not taken into aount any threshold re summation sine this involves further approximations.
These eets have been onsidered in [70℄. The DGLAP equation is solved diretly in x-spae
using a method whih is briey illustrated below and whih is aurate up to order α2s. Our
input distributions at a small sale will be speied below. We also analyse the orresponding
117
118 4.1. Higgs prodution at LHC
t
t
t
h
Figure 4.1: The leading order diagram for Higgs prodution by gluon fusion
t
h
t
Figure 4.2: A typial NLO diagram for Higgs prodution by gluon fusion
K-fators and the region of stability of the perturbative expansion by studying their variation
under hanges in all the relevant sales. It is shown that the NNLO orretions are sizeable while
the region of redued sale dependene is near the value µF = mH with µR around the same
value but slightly higher.
4.1 Higgs prodution at LHC
The Higgs eld, being responsible for the mehanism of mass generation, an be radiated o by
any massive state and its oupling is proportional to the mass of the same state. At the LHC
one of the golden plated modes to searh for the Higgs is its prodution via the mehanism of
gluon fusion. The leading order ontribution is shown in Fig. (4.1) whih shows that dependene
of the amplitude is through the quark loop. Most of the ontribution omes from the top quark,
sine this is the heaviest quark and has the largest oupling to the Higgs eld. NLO and NNLO
orretions have been omputed in the last few years by various groups [71℄, [72℄. A typial
NLO orretion is shown in Fig. (4.2). In the innite mass limit of the quark mass in the loop
(see [73℄ for a review), an eetive desription of the proess is obtained in leading order by the
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Lagrangian density
Leff = αs
12π
GAµνG
A µν
(
H
v
)
=
βF
gs
GAµνG
A µν
(
H
2v
)
(1− 2αs/π),
with
βF =
g3sNH
24π2
(4.1)
being the ontribution of NH heavy fermion loops to the QCD beta funtion. This eetive
Lagrangian an be used to ompute the radiative orretions in the gluon setor. A disussion of
the NNLO approah to the omputation of the gluon fusion ontributions to Higgs prodution
has been presented in [68℄, to whih we refer for more details. We reall that in this hapter we
presented a study for both salar and pseudosalar Higgs prodution, the pseudosalar appearing
in 2-Higgs doublets models. The diagonalization of the mass matrix for the Higgs at the minimum
introdues salar and pseudosalar interations between the various Higgs and the quarks, as
shown from the struture of the operator O2 below in eq. (4.3). In the large top-quark mass limit
the Feynman rules for salar Higgs prodution (H) an be derived from the eetive Lagrangian
density [75℄, [74℄, [76℄,
LHeff = GH ΦH(x)O(x) with O(x) = −
1
4
Gaµν(x)G
a,µν(x) , (4.2)
whereas the prodution of a pseudo-salar Higgs [77℄, (A) is obtained from
LAeff = ΦA(x)
[
GAO1(x) + G˜AO2(x)
]
with
O1(x) = −1
8
ǫµνλσ G
µν
a G
λσ
a (x) ,
O2(x) = −1
2
∂µ
nf∑
i=1
q¯i(x) γµ γ5 qi(x) , (4.3)
where ΦH(x) and ΦA(x) represent the salar and pseudo-salar elds respetively and nf denotes
the number of light avours. Gµνa is the eld strength of QCD and the quark elds are denoted
by qi. We refer the reader to [68℄ for further details.
Using the eetive Lagrangian one an alulate the total ross setion of the reation
H1(P1) +H2(P2)→ B +X , (4.4)
where H1 and H2 denote the inoming hadrons and X represents an inlusive hadroni state
and B denotes the salar or the psudosalar partile produed in the reation. The total ross
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setion is given by
σtot =
πG2B
8 (N2 − 1)
∑
a,b=q,q¯,g
∫ 1
x
dx1
∫ 1
x/x1
dx2 fa(x1, µ
2) fb(x2, µ
2)
×∆ab,B
(
x
x1 x2
,
m2
µ2
)
,
with x =
m2
S
, S = (P1 + P2)
2 , (4.5)
where the fator 1/(N2−1) is due to the average over olour. The parton distributions fa(y, µ2)
(a, b = q, q¯, g) depend on the mass fatorization/renormalization sale µ. ∆ab,B denotes the
partoni hard sattering oeient omputed with NNLO auray.
4.2 The NNLO Evolution
We summarize the main features of the NNLO DGLAP evolution. As usual we introdue singlet
(+) and non-singlet (−) parton distributions
q
(±)
i = qi ± qi, q(±) =
nf∑
i=1
q
(±)
i (4.6)
whose evolution is determined by the orresponding equations
d
d logQ2
(
q(+)(x,Q2)
g(x,Q2)
)
=
(
Pqq(x, αs(Q
2)) Pqg(x, αs(Q
2))
Pgq(x, αs(Q
2)) Pgg(x, αs(Q
2))
)
⊗
(
q(+)(x,Q2)
g(x,Q2)
)
(4.7)
for the singlet ombination and a salar one for the non-singlet ase
d
d logQ2
q
(−)
i (x,Q
2) = PNS(x, αs(Q
2))⊗ q−i (x,Q2). (4.8)
The onvolution produt is dened by
[a⊗ b] (x) =
∫ 1
x
dy
y
a
(
x
y
)
b(y) =
∫ 1
x
dy
y
a(y)b
(
x
y
)
. (4.9)
We reall that the perturbative expansion, up to NNLO, of the kernels is
P (x, as) = asP
(0)(x) + a2sP
(1)(x) + a3sP
(2)(x) + . . . . (4.10)
where as ≡ αs/(4π). In order to solve the evolution equations diretly in x-spae [6℄, [78℄, (see
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[3℄ for an NLO implementation of the method), we assume solutions of the form [79℄
f(x,Q2) =
∞∑
n=0
An(x)
n!
logn
as(Q
2)
as(Q20)
+ as(Q
2)
∞∑
n=0
Bn(x)
n!
logn
as(Q
2)
as(Q20)
+a2s(Q
2)
∞∑
n=0
Cn(x)
n!
logn
as(Q
2)
as(Q
2
0)
(4.11)
for eah parton distribution f , where Q0 denes the initial evolution sale. The ansatz is in-
trodued into the evolution equations and used to derive reurrene relations for its unknown
oeients An, Bn, Cn, involving polylogarithmi funtions [80, 81℄ whih are then implemented
numerially.
This ansatz orresponds to a solution of the DGLAP equation aurate up to order a2s (trun-
ated solution). It an be shown that [79℄ this ansatz reprodues the solution of the DGLAP
equation in (Mellin) moment spae obtained with the same auray in as. Modiations of
this ansatz also allow to obtain the so-alled exat solutions of the equations for the moments
[2℄. These seond solutions inlude higher order terms in as and an be identied only in the
non-singlet ase. Exat approahes also inlude an exat solution of the renormalization group
equation for the β-funtion, whih embodies the eets of the oeients β0, β1 and β2 to higher
order in as. The term exat is, however, a misnomer sine the auray of the solution is
limited to the knowledge of the rst three ontributions to the expansion in the beta funtion
and in the kernels. It an be shown both for exat and for the trunated solutions that solving
the equations by an ansatz in x-spae is ompletely equivalent to searhing for the solution in
moment spae, sine in moment spae the reursion relations an be solved exatly [79℄.
A numerial omparison of our approah with that of [2℄ has been presented in [79℄ where it is
shown that at LO and NLO there is exellent agreement, while at NNLO there are disrepanies
of a few perent (mainly in the Singlet ase, and at very small and large x values). For a more
detailed disussion we refer the reader to setion 11 of [79℄.
4.3 Renormalization sale dependene
For a better determination of the dependene of the perturbative ross setion on the sales of a
ertain proess it is important to keep these sales independent and study the behaviour of the
orresponding hadroni ross setion under their variation. In our ase the two relevant sales
are the fatorization sale µF and the renormalization sale µR whih an be both inluded in
the evolution by a rearrangement of the evolution kernels up to NNLO.
The study of the dependene of the solution upon the various sales is then performed in
great generality and inludes also the logarithmi ontributions log(µF/µR) oming from the
hard satterings given in [68℄, where, however, only the spei point µF = µR = mH was
onsidered. The separation of the sales should then appear not only in the hard satterings but
also in the evolution equations. This issue has been addressed in [2℄ and an be reonsidered
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also from x-spae [79℄ using the x-spae logarithmi ansatz (4.11).
The sale dependene of the parton distribution funtions is then expressed by a generalized
DGLAP equation
∂
∂ lnµ2F
fi(x, µ
2
F , µ
2
R) = Pij(x, µ
2
F , µ
2
R)⊗ fj(x, µ2F , µ2R) , (4.12)
where µF is now a generi fatorization sale.
Generally speaking, both the kernels and the PDF's have a dependene on the sales µF and
µR, and formally, a omparison between these sales is always possible up to a xed order by
using the renormalization group equations for the running oupling αs.
The renormalization sale dependene of the ansatz (4.11) that solves (4.12) is obtained quite
straightforwardly by a Taylor expansion of the running oupling αs(µ
2
F ) in terms of αs(µ
2
R) [79℄
αs(µ
2
F ) = αs(µ
2
R)−
[
α2s(µ
2
R)
4π
+
α3s(µ
2
R)
(4π)2
(−β20L2 + β1L)
]
(4.13)
where the µ2F dependene is inluded in the fator L = ln(µ
2
F /µ
2
R), and the oeients of the
β-funtion, (the βi) are listed below [82℄, [83℄, [84℄
β0 =
11
3
NC − 4
3
Tf ,
β1 =
34
3
N2C −
10
3
NCnf − 2CFnf ,
β2 =
2857
54
N3C + 2C
2
FTf −
205
9
CFNCTf − 1415
27
N2CTf +
44
9
CFT
2
f +
158
27
NCT
2
f .
(4.14)
As usual we have set
NC = 3, CF =
N2C − 1
2NC
=
4
3
, Tf = TRnf =
1
2
nf , (4.15)
where NC is the number of olors and nf is the number of ative avors. This number is
varied as we step into a region haraterized by an evolution sale µ larger than a spei quark
mass (µ ≥ mq). Also the NNLO mathing onditions aross avor thresholds [85℄, [86℄ are
implemented.
Sine the perturbative expansion of eq. (4.10) ontains powers of αs(µ
2
F ) whih an be related
to the value of αs(µ
2
R) by (4.13), from
PNNLOij (x, µ
2
F ) =
2∑
k=0
(
αs(µ
2
F )
4π
)k+1
P
(k)
ij (x) , (4.16)
substituting eq. (4.13) into (4.16), we obtain the orresponding expression of the kernels orga-
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nized in powers of αs(µ
2
R) up to NNLO, and it reads [2℄
Pij(x, µ
2
F , µ
2
R) =
αs(µ
2
R)
4π
P
(0)
ij (x)
+
α2s(µ
2
R)
(4π)2
(
P
(1)
ij (x)− β0P (0)ij (x)L
)
+
α3s(µ
2
R)
(4π)3
[
P
(2)
ij (x)− 2β0LP (1)ij (x)−
(
β1L− β20L2
)
P
(0)
ij (x)
]
.
(4.17)
The implementation of the method in x-spae is quite straightforward and allows us to
perform a separate study of the preditions in terms of µF and µR.
4.4 Numerial Results
The use of the NNLO evolution of the parton distributions together with the results of [68℄
allows us to provide aurate preditions for the total ross setion for Higgs prodution. Here
we summarize and disuss our numerial results.
1
We use as inital onditions at low sales the
sets of distributions given by MRST [88℄ and Alekhin [89℄. Our nal plots refer to enter-of-mass
energies whih are reahable at the LHC, with 14 TeV being the largest one ahievable in a not
so distant future, and at the Tevatron, where we have seleted the orresponding value as 2 TeV.
We have also taken the Higgs mass mH as a parameter in the predition, with an interval of
variability whih goes from a light to a heavy Higgs (100 GeV to 300 GeV). Therefore µF , µR
and mH are studied hosing various ombinations of their possible values in the determination of
total ross setions at leading (σLO), next-to-leading (σNLO), and next-to-next-to-leading order
(σNNLO). We present both standard two-dimensional plots and also some three dimensional
plots in order to haraterize in detail the struture of the region of stability of the perturbative
expansion. We have also evaluated the K-fators for the total Higgs ross setion at NLO, dened
by
KNLO =
σNLO
σLO
(4.18)
and at NNLO
KNNLO =
σNNLO
σNLO
. (4.19)
The study of the K-fators has been performed rst by keeping the three sales equal (µF =
µR = mH) and then letting them vary around the typial value mH . A seond set of studies
has been performed by taking typial values of mH and varying the value of the renormalization
sale.
1
Based on the artile [87℄
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4.4.1 The errors on the ross setions
We present in Figs. (4.3) and (4.4) the LO, NLO and NNLO results for the total Higgs ross
setions at the LHC (
√
S = 14 TeV) and at the Tevatron (
√
S = 2 TeV), with the orresponding
errors, by setting the ondition µR = µF . We have hosen to ompute these only for two gures,
as an illustration of the size of the errors on the parton distribution funtions ompared to the
best ts, sine these are smaller than the variation indued when moving from one perturbative
order to the next. The numerial determination of the errors is omputationally very intensive
and has been performed on a luster.
In the gures on the left the ross setions obtained using MRST input are represented by
a solid line, and the ones obtained using Alekhin's input, by a dashed line. In the gures on
the right we present a plot of the dierene between the values of the MRST ross setions and
Alekhin's ross setions for eah perturbative order, with the respetive errors. The alulation of
the error bands has been done following the usual theory of the linear propagation of the errors.
Starting from the errors on the PDFs known in the literature (see [89℄,[90℄), we have generated
dierent sets of ross setions. Then, the error on the ross setion has been alulated using
the formula
∆σ =
1
2
√√√√ N∑
k=1
[σ2k−1 − σ2k]2, (4.20)
where σk is the k-th ross setion belonging to a ertain set, and N is the number of free
parameters, whih is 15 for MRST and 17 for Alekhin.
The PDFs with the related error analysis are available at all orders for the Alekhin input but
only at NLO for the MRST's input (Figs. (4.3)- and (4.4)-).
When in Figs. (4.3), (4.4), and (4.5) we plot more than one line for a single set the lower line
is the minimal value (best t minus error) and the upper line is the maximal value (best t plus
error).
The LO ross setions inrease by a fator of approximately 100 as we hange the energy
from 2 TeV Figs. (4.4), to 14 TeV Figs. (4.3), and sharply derease as we raise the mass of the
Higgs boson. At 14 TeV the range of variation of σLO is between 30 and 5 pb, with the highest
value reahed for mH = 100 GeV.
In the same gures we ompare LO, NLO and NNLO ross setions at these two typial
energies. It is quite evident that the role of the NLO orretions is to inrease by a fator of
approximately 2 the LO ross setion bringing the interval of variation of σNLO between 60 and
10 pb, for an inreasing value of mH . NNLO orretions at 14 TeV inrease these values by an
additional 10 per ent ompared to the NLO predition, with a growth whih is more pronouned
for the set proposed by Alekhin.
Comparing the results omputed using Alekhin and MRST's inputs, for the LHC ase (
√
S =
14 TeV) we observe that at LO (see Fig. (4.3)-b) the two sets give results whih are ompatible
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within the error bands for mH < 150 GeV, while for larger values of mH we observe only small
dierenes between the two. At NLO, Fig. (4.3)-d, where the error analysis is available for both
sets, the results are ompatible within the error bands for mH < 190 GeV, and we have small
dierenes for larger values of the Higgs mass. For the NNLO ase, Fig. (4.3)-f, we notie that
there are sensible dierenes among the two sets.
By a similar inspetion of Figs. (4.4)-b, (4.4)-d and (4.4)-f, we notie that at the Tevatron
energy of
√
S = 2 TeV, the two PDFs sets give quite dierent preditions at all the three orders.
The numerial values of the total ross setions and the K-fators as a funtion of the enter
of mass energy with the respetive errors have also been reported in Table 4.1, in the ase of
Alekhin's inputs.
4.4.2 K-fators
A preise indiation on the impat of the NLO/NNLO orretions and the stability of the pertur-
bative expansion omes from a study of the K-fators KNLO and KNNLO, dened above. From
the plots in Figure 4.5 the dierent behaviour of the preditions derived from the two models for
the parton distributions is quite evident. At 14 TeV the NLO K-fators from both models are
large, as expeted, sine the LO predition are strongly sale dependent. The inrease of σNLO
ompared to the LO preditions is between 65 and 90 per ent.
In Fig. (4.5)-a one an observe that the impat of the NLO orretions to the LO result
predited by both sets inreases for an inreasing mH , with the orretions predited by Alekhin
being the largest ones. The trend of the MRST model in the NNLO vs NLO ase Fig. (4.5)-b is
similar, for an inreasing Higgs mass, ranging from 1.16 to 1.22, while Alekhin KNNLO-fator is
approximately onstant around a value of 1.21.
The evaluation of the overall impat of this growth on the size of these orretions should,
however, also keep into onsideration the fat that these orretions are enhaned in a region
where the ross setion is sharply dereasing (Figs. (4.3) and (4.4)).
Moving to Tevatron energy we notie that all the K-fators are larger than in the LHC ase.
For a MRST input we ontinue to observe a growth of KNLO and KNNLO for an inreasing mH ,
while for the Alekhin ase this trend is slower for KNLO, and it is even reversed for KNNLO.
Unlike the LHC situation, the Alekhin's K-fators are smaller than MRST ones at Tevatron
energies.
4.4.3 Renormalization/fatorization sale dependene
Now we turn to an analysis of the dependene of our results on µF and µR. In Figs. 4.6 we
perform this study by omputing σ as a funtion of the Higgs mass for an inoming energy of 2
and 14 TeV and hoose
µ2R =
1
2
µ2F µF = 2mH . (4.21)
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We have seen that for a typial Higgs mass around 100 GeV and 14 TeV of energy (for mH =
µF = µR) the ross setion doubles when we move from LO to NNLO, and a similar trend
is also apparent if we x the relations among the sales as in (4.21). In this ase, however,
the impat of the NLO and NNLO orretions is smaller, a trend whih is apparently uniform
over the whole range of the Higgs mass explored. For mH = 100 GeV the salar ross setion
σNNLO is around 58 pb for oinident sales, while a dierent hoie, suh as (4.21) lowers
it to approximately 45 pb. At Tevatron energies the variations of the ross setion with the
hanges of the various sales are also sizeable. In this ase for mH = 100 GeV the LO, NLO
and NNLO preditions (0.6, 1.2 and 1.6 pb respetively) hange approximately by 10-20 per
ent if we inlude variations of the other sales as well. A parallel view of this trend omes
from the study of the dependene of the K-fators. This study is presented in Figs. 4.7. The
interval of variation of the K-fators is substantially the same as for oinident sales, though
the trends of the two models [88℄ and [89℄ is struturally quite dierent at NLO and at NNLO,
with several ross-overs among the orresponding urves taking plae for mH around 200 GeV.
Another important point is that the values of KNNLO are, of ourse smaller than KNLO over
all the regions explored, signaling an overall stability of the perturbative expansion. We show in
Figs. 11-14 3-dimensional plots of the ross setion and the orresponding K-fators as funtions
of the fatorization and renormalization sales. Notie that as we move from LO to higher
orders the urvature of the orresponding surfaes for the ross setions hange from negative to
positive, showing the presene of a plateau when the sales are approximately equal.
4.4.4 Stability and the Choie of the Sales
The issue of determining the best of values of mH , µF and µR in the predition of the total
ross setion is a rather important one for Higgs searhes at LHC. We have therefore detailed in
Figs. 4.8 and 4.9 a study of the behaviour of our results varying the renormalization sale µR at
a xed value of the ratio between µF and mH . In these gures we have hosen two values for the
ratio between these two sales. Apart from the LO behaviour of the salar ross setion, whih
is learly strongly dependent on the variation of both sales (see Figs. 4.8 (a) and (d)), and does
not show any sign of stability sine the ross setion an be drastially lowered by a dierent
hoie of µF , both the NLO and the NNLO preditions show instead a lear region of loal
stability for µR > µF but not too far away from the oinidene region µF = µR = mH . This
an be illustrated more simply using Fig. 4.8(b) as an example, where we have set the inoming
energy of the p-p ollision at 14 TeV. In this ase, for instane, we have hosen mH = µF = 100
GeV (C = 1), and it is lear from the plots that a plateau is present in the region of µR ∼ 130
GeV. Similar trends are also learly visible at NNLO, though the region of the plateau for the
salar ross setion is slightly wider. Also in this ase it is found that the ondition µR > µF
generates a redued sale dependene. Away from this region the preditions show a systemati
sale dependene, as shown also for the hoie of C = 1/2 in the remaining gures. In Figs. 4.9 we
repeat the same study for the K-fators, relaxing the ondition on the oinidene of all the sales
and plotting the variations of KNLO and KNNLO in terms of µR. In the ase mH = µF = 100
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GeV the plateau is reahed for µR ∼ 150 GeV for KNLO and µR ∼ 200 GeV for KNNLO. In the
rst ase the NLO orretions amount to an inrease by 100 per ent ompared to the LO result,
while the NNLO orretions modify the NLO estimates by about 20 per ent (MRST). Similar
results are obtained also for µF = 50 GeV. In this ase, at the plateau, the NLO orretions are
still approximately 100 per ent ompared to the LO result and the NNLO orretions inrease
this value by around 15 per ent (MRST).
4.4.5 Energy Dependene
The energy dependene of the NNLO preditions for the total ross setions and the orre-
sponding K-fators at the LHC are shown in Figs. 4.15-4.17, where we have varied the ratio
C = µF /mH and k = µ
2
R/µ
2
F in order to illustrate the variation of the results. The ross se-
tions inrease sharply with energy and the impat of the NNLO orretions is signiant. The
K-fators, in most of the ongurations hosen, vary between 1 and 2.2. We have hosen the
MRST input. The behaviour of the K-fators is inuened signiantly by the hoie of the ratio
(k) between µR and µF . In partiular, in Figs. 4.16 the NNLO K-fators inrease with
√
S for
k = 2 , the enter of mass energy, whih is not found for other hoies of sales. The ase k = 1/2
is lose in behaviour to the oinident ase µ2R = µ
2
F . The overall stability of the K-fators is
learly obtained with the hoie k = 1. We have nally inluded in Tables 2-10 our numerial
preditions in order to make them available to the experimental ollaborations.
4.5 Conlusions
A study of the NNLO orretions to the ross setion for Higgs prodution has been presented.
We have implemented the exat three-loop splitting funtions in our own parton evolution ode.
We used as initial onditions (at small sales) the boundary values of Martin, Roberts, Thorne
and Stirling and of Alekhin. This study shows that the impat of these orretions are important
for the disovery of the Higgs and for a reonstrution of its mass. The ondition of stability of
the perturbative expansion is also quite evident from these studies and suggests that the optimal
hoie to x the arbitrary sales of the theory are near the oinidene point, with µR in the
region of a plateau. The determination of the plateau has been performed by introduing in
the perturbative expansion and in the evolution a new independent sale (µR), whose variation
allows to aurately haraterize the properties of the expansion in a diret way.
While this thesis was being ompleted several authors have presented studies of the total
Higgs ross setion based on threshold resummation of soft or soft-plus-virtual logarithms, see
[91℄,[92℄,[93℄, [94℄. Our work is based on exat NNLO partoni ross setions. Another relevant
paper whih reently appeared is [95℄.
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Figure 4.3: Cross setions for the salar Higgs prodution at the LHC with µ2R = µ
2
F = m
2
H .
When available (Alekhin at all orders and MRST at NLO) the error bands are shown. See se.
5 for omments.
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Figure 4.4: Like in Fig. (4.3) but for the Tevatron. In Figs. (a), () and (e) the error bands are
so tiny that the lines look superimposed.
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Figure 4.5: K-fators for the salar Higgs at NNLO/NLO and NLO/LO with µ2R = µ
2
F = m
2
H .
When available (Alekhin at all orders and MRST at NLO) the error bands are shown.
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Figure 4.6: Cross setions for the salar Higgs prodution at the LHC and Tevatron with µ2R =
(1/2)µ2F and µF = 2mH
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Figure 4.7: K-fators for the salar Higgs at NNLO/NLO and NLO/LO with µ2R = (1/2)µ
2
F and
µF = 2mH
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Figure 4.8: Cross setions for the salar Higgs prodution at the LHC as a funtion of µR, with
µF = CmH and mH = 100 GeV
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Figure 4.9: K-fators for the salar Higgs prodution at the LHC, NNLO/NLO and NLO/LO as
a funtion of µR, with µF = CmH and mH = 100 GeV
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Figure 4.10: Three-dimensional graphs for the LO ross setions for the salar Higgs prodution
at the LHC, as a funtion of µR and with µF with a xed value of mH
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Figure 4.11: Three-dimensional graphs for the NLO ross setions for the salar Higgs prodution
at the LHC, as a funtion of µR and with µF with a xed value of mH
Chapter 4. On the Sale Variation of the Total Cross Setion for Higgs Prodution 137
050100150200250300350 µF [GeV]
0
100
200
300
400
500
600
µR [GeV]
0
10
20
30
40
50
60
70
σNNLO [pb]
(a) mH = 110GeV
Figure 4.12: Three-dimensional graphs for the NNLO ross setions for the salar Higgs produ-
tion at the LHC, as a funtion of µR and with µF with a xed value of mH
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Figure 4.13: Three-dimensional graphs for the K-fator σNLO/σLO for the salar Higgs produ-
tion at the LHC, as a funtion of µR and µF and at a xed value of mH .
Chapter 4. On the Sale Variation of the Total Cross Setion for Higgs Prodution 139
050100150200250300350 µF [GeV]
0
100
200
300
400
500
600
µR [GeV]
0
0.2
0.4
0.6
0.8
1
1.2
1.4
KNNLO
(a) mH = 110GeV
Figure 4.14: Three-dimensional graphs for the K-fator σNNLO/σNLO for the salar Higgs pro-
dution at the LHC, as a funtion of µR and µF and at a xed value of mH .
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Figure 4.15: Cross setions and K-fators for the salar Higgs prodution at the LHC as a
funtion of
√
S with µF = CmH , with µ
2
F = kµ
2
R and mH = 114 GeV. MRST inputs have been
used.
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Figure 4.16: Cross setions and K-fators for the salar Higgs prodution at the LHC as a
funtion of
√
S with µF = CmH , with µ
2
F = kµ
2
R and mH = 114 GeV. MRST inputs have been
used.
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Figure 4.17: Cross setions and K-fators for the salar Higgs prodution at the LHC as a
funtion of
√
S with µF = CmH , with µ
2
F = kµ
2
R and mH = 114 GeV. MRST inputs have been
used.
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√
S σLO σNLO σNNLO K
NLO KNNLO
2.0 0.3981 ± 0.0013 0.861 ± 0.002 1.090 ± 0.003 2.162 ± 0.009 1.266 ± 0.005
2.5 0.712 ± 0.003 1.499 ± 0.004 1.895 ± 0.006 2.106 ± 0.011 1.264 ± 0.005
3.0 1.111 ± 0.006 2.291 ± 0.007 2.888 ± 0.011 2.062 ± 0.013 1.261 ± 0.006
3.5 1.589 ± 0.011 3.222 ± 0.010 4.049 ± 0.017 2.028 ± 0.015 1.257 ± 0.006
4.0 2.141 ± 0.017 4.279 ± 0.015 5.36 ± 0.02 1.999 ± 0.018 1.253 ± 0.007
4.5 2.76 ± 0.03 5.45 ± 0.02 6.81 ± 0.04 1.974 ± 0.020 1.249 ± 0.008
5.0 3.45 ± 0.04 6.73 ± 0.03 8.38 ± 0.05 1.95 ± 0.02 1.245 ± 0.009
5.5 4.19 ± 0.05 8.10 ± 0.04 10.06 ± 0.07 1.93 ± 0.02 1.241 ± 0.010
6.0 5.00 ± 0.06 9.57 ± 0.05 11.85 ± 0.09 1.92 ± 0.03 1.238 ± 0.012
6.5 5.85 ± 0.08 11.12 ± 0.07 13.73 ± 0.12 1.90 ± 0.03 1.235 ± 0.013
7.0 6.76 ± 0.10 12.74 ± 0.09 15.70 ± 0.15 1.89 ± 0.03 1.232 ± 0.015
7.5 7.71 ± 0.13 14.44 ± 0.11 17.75 ± 0.19 1.87 ± 0.03 1.229 ± 0.016
8.0 8.71 ± 0.16 16.21 ± 0.14 19.9 ± 0.2 1.86 ± 0.04 1.226 ± 0.018
8.5 9.75 ± 0.19 18.04 ± 0.18 22.1 ± 0.3 1.85 ± 0.04 1.224 ± 0.020
9.0 10.8 ± 0.2 19.9 ± 0.2 24.4 ± 0.3 1.84 ± 0.04 1.22 ± 0.02
9.5 12.0 ± 0.3 21.9 ± 0.3 26.7 ± 0.4 1.83 ± 0.04 1.22 ± 0.02
10.0 13.1 ± 0.3 23.9 ± 0.3 29.1 ± 0.5 1.82 ± 0.05 1.22 ± 0.03
10.5 14.3 ± 0.4 25.9 ± 0.4 31.5 ± 0.6 1.81 ± 0.05 1.21 ± 0.03
11.0 15.6 ± 0.4 28.1 ± 0.4 34.0 ± 0.7 1.80 ± 0.06 1.21 ± 0.03
11.5 16.8 ± 0.5 30.2 ± 0.5 36.6 ± 0.8 1.80 ± 0.06 1.21 ± 0.03
12.0 18.1 ± 0.5 32.4 ± 0.6 39.2 ± 0.9 1.79 ± 0.06 1.21 ± 0.04
12.5 19.4 ± 0.6 34.6 ± 0.7 41.8 ± 1.1 1.78 ± 0.07 1.21 ± 0.04
13.0 20.8 ± 0.7 36.9 ± 0.8 44.5 ± 1.2 1.77 ± 0.07 1.21 ± 0.04
13.5 22.2 ± 0.8 39.2 ± 0.9 47.2 ± 1.4 1.77 ± 0.07 1.20 ± 0.04
14.0 23.6 ± 0.9 41.6 ± 1.0 50.0 ± 1.5 1.76 ± 0.08 1.20 ± 0.05
Table 4.1: Values of the ross setions and K-fators for the salar Higgs prodution at the LHC
as a funtion of
√
S with µF = mH , with µ
2
F = µ
2
R and mH = 114 GeV for Alekhin, with errors.
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√
S σLO σNLO σNNLO K
NLO KNNLO
2.0 0.4155 0.8670 1.242 2.087 1.433
2.5 0.7410 1.521 2.084 2.053 1.370
3.0 1.153 2.335 3.093 2.025 1.325
3.5 1.645 3.292 4.248 2.001 1.290
4.0 2.212 4.380 5.529 1.980 1.262
4.5 2.847 5.587 6.924 1.962 1.239
5.0 3.547 6.903 8.419 1.946 1.220
5.5 4.308 8.318 10.01 1.931 1.203
6.0 5.125 9.826 11.68 1.917 1.189
6.5 5.995 11.42 13.42 1.905 1.175
7.0 6.916 13.09 15.23 1.893 1.163
7.5 7.885 14.84 17.11 1.882 1.153
8.0 8.899 16.66 19.05 1.872 1.143
8.5 9.956 18.55 21.04 1.863 1.134
9.0 11.05 20.49 23.09 1.854 1.127
9.5 12.19 22.50 25.18 1.846 1.119
10.0 13.37 24.56 27.31 1.837 1.112
10.5 14.58 26.68 29.49 1.830 1.105
11.0 15.83 28.85 31.71 1.822 1.099
11.5 17.11 31.06 33.97 1.815 1.094
12.0 18.42 33.32 36.26 1.809 1.088
12.5 19.76 35.62 38.59 1.803 1.083
13.0 21.13 37.97 40.95 1.797 1.078
13.5 22.53 40.36 43.33 1.791 1.074
14.0 23.96 42.78 45.75 1.785 1.069
Table 4.2: Values of the ross setions and K-fators for the salar Higgs prodution at the LHC
as a funtion of
√
S with µF = mH , with µ
2
F = µ
2
R and mH = 114 GeV. MRST inputs have been
used.
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√
S σLO σNLO σNNLO K
NLO KNNLO
2.0 0.3029 0.6871 1.081 2.268 1.573
2.5 0.5508 1.221 1.830 2.217 1.499
3.0 0.8700 1.893 2.733 2.176 1.444
3.5 1.256 2.690 3.771 2.142 1.402
4.0 1.706 3.602 4.928 2.111 1.368
4.5 2.216 4.619 6.191 2.084 1.340
5.0 2.781 5.733 7.549 2.061 1.317
5.5 3.400 6.937 8.993 2.040 1.296
6.0 4.069 8.225 10.52 2.021 1.279
6.5 4.786 9.590 12.11 2.004 1.263
7.0 5.548 11.03 13.77 1.988 1.248
7.5 6.354 12.53 15.49 1.972 1.236
8.0 7.201 14.11 17.27 1.959 1.224
8.5 8.088 15.74 19.10 1.946 1.213
9.0 9.012 17.43 20.98 1.934 1.204
9.5 9.974 19.17 22.90 1.922 1.195
10.0 10.97 20.97 24.87 1.912 1.186
10.5 12.00 22.82 26.88 1.902 1.178
11.0 13.06 24.71 28.93 1.892 1.171
11.5 14.16 26.65 31.01 1.882 1.164
12.0 15.28 28.63 33.13 1.874 1.157
12.5 16.44 30.65 35.28 1.864 1.151
13.0 17.62 32.71 37.47 1.856 1.146
13.5 18.83 34.81 39.68 1.849 1.140
14.0 20.07 36.95 41.92 1.841 1.135
Table 4.3: Values of the ross setions and K-fators for the salar Higgs prodution at the LHC
as a funtion of
√
S with µF = 2mH , with µ
2
F = µ
2
R and mH = 114 GeV. MRST inputs have
been used.
146 4.5. Con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√
S σLO σNLO σNNLO K
NLO KNNLO
2.0 0.5817 1.098 1.396 1.888 1.271
2.5 1.014 1.904 2.328 1.878 1.223
3.0 1.551 2.896 3.440 1.867 1.188
3.5 2.182 4.054 4.707 1.858 1.161
4.0 2.899 5.362 6.111 1.850 1.140
4.5 3.695 6.804 7.635 1.841 1.122
5.0 4.563 8.369 9.266 1.834 1.107
5.5 5.498 10.05 10.99 1.828 1.094
6.0 6.496 11.83 12.81 1.821 1.083
6.5 7.552 13.70 14.71 1.814 1.074
7.0 8.662 15.67 16.67 1.809 1.064
7.5 9.824 17.71 18.71 1.803 1.056
8.0 11.03 19.84 20.81 1.799 1.049
8.5 12.29 22.03 22.97 1.793 1.043
9.0 13.59 24.30 25.18 1.788 1.036
9.5 14.93 26.63 27.44 1.784 1.030
10.0 16.31 29.02 29.75 1.779 1.025
10.5 17.72 31.46 32.10 1.775 1.020
11.0 19.18 33.96 34.50 1.771 1.016
11.5 20.66 36.51 36.93 1.767 1.012
12.0 22.18 39.11 39.40 1.763 1.007
12.5 23.73 41.76 41.91 1.760 1.004
13.0 25.31 44.45 44.45 1.756 1.000
13.5 26.92 47.19 47.02 1.753 0.9964
14.0 28.55 49.96 49.62 1.750 0.9932
Table 4.4: Values of the ross setions and K-fators for the salar Higgs prodution at the LHC
as a funtion of
√
S with µF = (1/2)mH , with µ
2
F = µ
2
R and mH = 114 GeV. MRST inputs have
been used.
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√
S σLO σNLO σNNLO K
NLO KNNLO
2.0 0.3546 0.5343 0.7766 1.507 1.453
2.5 0.6388 1.004 1.415 1.572 1.409
3.0 1.002 1.626 2.237 1.623 1.376
3.5 1.438 2.393 3.232 1.664 1.351
4.0 1.944 3.300 4.387 1.698 1.329
4.5 2.514 4.340 5.694 1.726 1.312
5.0 3.144 5.507 7.142 1.752 1.297
5.5 3.831 6.795 8.724 1.774 1.284
6.0 4.572 8.199 10.43 1.793 1.272
6.5 5.363 9.714 12.26 1.811 1.262
7.0 6.202 11.33 14.20 1.827 1.253
7.5 7.088 13.06 16.24 1.843 1.243
8.0 8.017 14.87 18.39 1.855 1.237
8.5 8.987 16.79 20.63 1.868 1.229
9.0 9.997 18.79 22.97 1.880 1.222
9.5 11.05 20.88 25.40 1.890 1.216
10.0 12.13 23.05 27.91 1.900 1.211
10.5 13.25 25.31 30.50 1.910 1.205
11.0 14.40 27.64 33.18 1.919 1.200
11.5 15.59 30.05 35.92 1.928 1.195
12.0 16.81 32.53 38.74 1.935 1.191
12.5 18.06 35.08 41.63 1.942 1.187
13.0 19.33 37.70 44.59 1.950 1.183
13.5 20.64 40.39 47.61 1.957 1.179
14.0 21.97 43.14 50.70 1.964 1.175
Table 4.5: Values of the ross setions and K-fators for the salar Higgs prodution at the LHC
as a funtion of
√
S with µF = mH , with µ
2
F = 2µ
2
R and mH = 114 GeV. MRST inputs have
been used.
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√
S σLO σNLO σNNLO K
NLO KNNLO
2.0 0.2597 0.4159 0.6614 1.601 1.590
2.5 0.4763 0.7912 1.216 1.661 1.537
3.0 0.7574 1.293 1.936 1.707 1.497
3.5 1.100 1.917 2.811 1.743 1.466
4.0 1.501 2.660 3.833 1.772 1.441
4.5 1.956 3.517 4.992 1.798 1.419
5.0 2.464 4.482 6.281 1.819 1.401
5.5 3.021 5.553 7.693 1.838 1.385
6.0 3.625 6.724 9.221 1.855 1.371
6.5 4.275 7.991 10.86 1.869 1.359
7.0 4.967 9.351 12.60 1.883 1.347
7.5 5.700 10.80 14.44 1.895 1.337
8.0 6.472 12.33 16.38 1.905 1.328
8.5 7.282 13.95 18.40 1.916 1.319
9.0 8.127 15.65 20.52 1.926 1.311
9.5 9.008 17.42 22.71 1.934 1.304
10.0 9.923 19.27 24.99 1.942 1.297
10.5 10.87 21.19 27.34 1.949 1.290
11.0 11.85 23.18 29.76 1.956 1.284
11.5 12.86 25.24 32.26 1.963 1.278
12.0 13.89 27.36 34.82 1.970 1.273
12.5 14.96 29.55 37.45 1.975 1.267
13.0 16.05 31.80 40.15 1.981 1.263
13.5 17.17 34.11 42.91 1.987 1.258
14.0 18.32 36.48 45.72 1.991 1.253
Table 4.6: Values of the ross setions and K-fators for the salar Higgs prodution at the LHC
as a funtion of
√
S with µF = 2mH , with µ
2
F = 2µ
2
R and mH = 114 GeV. MRST inputs have
been used.
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√
S σLO σNLO σNNLO K
NLO KNNLO
2.0 0.4899 0.6836 0.8836 1.395 1.293
2.5 0.8642 1.270 1.598 1.470 1.258
3.0 1.333 2.036 2.512 1.527 1.234
3.5 1.890 2.976 3.612 1.575 1.214
4.0 2.526 4.079 4.885 1.615 1.198
4.5 3.237 5.338 6.321 1.649 1.184
5.0 4.016 6.743 7.908 1.679 1.173
5.5 4.858 8.288 9.638 1.706 1.163
6.0 5.761 9.966 11.50 1.730 1.154
6.5 6.719 11.77 13.49 1.752 1.146
7.0 7.730 13.69 15.60 1.771 1.140
7.5 8.790 15.73 17.82 1.790 1.133
8.0 9.898 17.88 20.15 1.806 1.127
8.5 11.05 20.14 22.58 1.823 1.121
9.0 12.24 22.49 25.11 1.837 1.116
9.5 13.48 24.94 27.74 1.850 1.112
10.0 14.75 27.49 30.45 1.864 1.108
10.5 16.06 30.13 33.25 1.876 1.104
11.0 17.41 32.85 36.13 1.887 1.100
11.5 18.79 35.66 39.09 1.898 1.096
12.0 20.20 38.55 42.12 1.908 1.093
12.5 21.64 41.51 45.24 1.918 1.090
13.0 23.11 44.56 48.42 1.928 1.087
13.5 24.62 47.67 51.66 1.936 1.084
14.0 26.15 50.86 54.98 1.945 1.081
Table 4.7: Values of the ross setions and K-fators for the salar Higgs prodution at the LHC
as a funtion of
√
S with µF = (1/2)mH , with µ
2
F = 2µ
2
R and mH = 114 GeV. MRST inputs
have been used.
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√
S σLO σNLO σNNLO K
NLO KNNLO
2.0 0.4899 1.276 1.635 2.605 1.281
2.5 0.8641 2.083 2.567 2.411 1.232
3.0 1.333 3.022 3.622 2.267 1.199
3.5 1.890 4.069 4.775 2.153 1.174
4.0 2.526 5.206 6.009 2.061 1.154
4.5 3.237 6.419 7.312 1.983 1.139
5.0 4.016 7.698 8.673 1.917 1.127
5.5 4.858 9.034 10.08 1.860 1.116
6.0 5.761 10.42 11.54 1.809 1.107
6.5 6.719 11.85 13.03 1.764 1.100
7.0 7.730 13.32 14.55 1.723 1.092
7.5 8.790 14.82 16.11 1.686 1.087
8.0 9.898 16.35 17.69 1.652 1.082
8.5 11.05 17.91 19.30 1.621 1.078
9.0 12.24 19.50 20.93 1.593 1.073
9.5 13.48 21.11 22.57 1.566 1.069
10.0 14.75 22.74 24.24 1.542 1.066
10.5 16.06 24.39 25.92 1.519 1.063
11.0 17.41 26.06 27.61 1.497 1.059
11.5 18.79 27.74 29.32 1.476 1.057
12.0 20.20 29.44 31.05 1.457 1.055
12.5 21.64 31.15 32.78 1.439 1.052
13.0 23.11 32.87 34.53 1.422 1.051
13.5 24.62 34.60 36.28 1.405 1.049
14.0 26.15 36.35 38.04 1.390 1.046
Table 4.8: Values of the ross setions and K-fators for the salar Higgs prodution at the LHC
as a funtion of
√
S with µF = mH , with µ
2
F = (1/2)µ
2
R and mH = 114 GeV. MRST inputs have
been used.
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√
S σLO σNLO σNNLO K
NLO KNNLO
2.0 0.3549 1.031 1.446 2.905 1.403
2.5 0.6393 1.707 2.286 2.670 1.339
3.0 1.003 2.503 3.242 2.496 1.295
3.5 1.439 3.398 4.292 2.361 1.263
4.0 1.945 4.377 5.418 2.250 1.238
4.5 2.515 5.428 6.610 2.158 1.218
5.0 3.146 6.542 7.857 2.079 1.201
5.5 3.834 7.711 9.151 2.011 1.187
6.0 4.575 8.927 10.49 1.951 1.175
6.5 5.367 10.19 11.86 1.899 1.164
7.0 6.207 11.48 13.27 1.850 1.156
7.5 7.093 12.82 14.70 1.807 1.147
8.0 8.023 14.18 16.16 1.767 1.140
8.5 8.994 15.57 17.65 1.731 1.134
9.0 10.00 16.99 19.15 1.699 1.127
9.5 11.05 18.43 20.68 1.668 1.122
10.0 12.14 19.89 22.22 1.638 1.117
10.5 13.26 21.37 23.78 1.612 1.113
11.0 14.41 22.87 25.35 1.587 1.108
11.5 15.60 24.39 26.93 1.563 1.104
12.0 16.82 25.92 28.53 1.541 1.101
12.5 18.07 27.46 30.14 1.520 1.098
13.0 19.35 29.02 31.76 1.500 1.094
13.5 20.65 30.59 33.39 1.481 1.092
14.0 21.99 32.18 35.03 1.463 1.089
Table 4.9: Values of the ross setions and K-fators for the salar Higgs prodution at the LHC
as a funtion of
√
S with µF = 2mH , with µ
2
F = (1/2)µ
2
R and mH = 114 GeV. MRST inputs
have been used.
152 4.5. Con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√
S σLO σNLO σNNLO K
NLO KNNLO
2.0 0.6960 1.600 1.830 2.299 1.144
2.5 1.198 2.579 2.862 2.153 1.110
3.0 1.814 3.708 4.028 2.044 1.086
3.5 2.531 4.956 5.300 1.958 1.069
4.0 3.341 6.303 6.661 1.887 1.057
4.5 4.234 7.734 8.096 1.827 1.047
5.0 5.204 9.234 9.593 1.774 1.039
5.5 6.243 10.80 11.14 1.730 1.031
6.0 7.347 12.41 12.74 1.689 1.027
6.5 8.512 14.07 14.38 1.653 1.022
7.0 9.732 15.77 16.06 1.620 1.018
7.5 11.00 17.50 17.77 1.591 1.015
8.0 12.33 19.26 19.50 1.562 1.012
8.5 13.69 21.06 21.26 1.538 1.009
9.0 15.11 22.88 23.05 1.514 1.007
9.5 16.56 24.72 24.86 1.493 1.006
10.0 18.05 26.58 26.69 1.473 1.004
10.5 19.58 28.45 28.53 1.453 1.003
11.0 21.14 30.35 30.39 1.436 1.001
11.5 22.74 32.26 32.26 1.419 1.000
12.0 24.37 34.18 34.15 1.403 0.9991
12.5 26.03 36.12 36.05 1.388 0.9981
13.0 27.72 38.07 37.96 1.373 0.9971
13.5 29.44 40.02 39.89 1.359 0.9968
14.0 31.19 41.99 41.82 1.346 0.9960
Table 4.10: Values of the ross setions and K-fators for the salar Higgs prodution at the
LHC as a funtion of
√
S with µF = (1/2)mH , with µ
2
F = (1/2)µ
2
R and mH = 114 GeV. MRST
inputs have been used.
Chapter 5
Deeply Virtual Neutrino Sattering
(DVNS)
5.1 Introdution
In this seond part of the thesis, after a brief summary of the generalities of the Deeply Virtual
Compton Sattering (DVCS) proess, we disuss its generalization to the ase of neutral urrents
and the phenomenologial impliations onerning the Physis of Neutrino-Nuleon interations
in the few GeV's range of energies.
Exlusive proesses mediated by the weak fore are an area of investigation whih may gather
a wide interest in the forthoming years due to the various experimental proposals to detet neu-
trino osillations at intermediate energy using neutrino fatories and superbeams [10℄. These
proposals require a study of the neutrino-nuleon interation over a wide range of energy start-
ing from the elasti/quasi-elasti domain up to the deep inelasti sattering (DIS) region (see
[96℄,[11℄,[97℄,[98℄,[99℄ for an overall overview). However, the disussion of the neutrino nuleon
interation has, so far, been onned either to the DIS region or to the form fator/nuleon
resonane region, while the intermediate energy region, at this time, remains unexplored also
theoretially. Clearly, to ahieve a ontinuos desription of the underlying strong interation
dynamis, from the resonant to the perturbative regime, will require onsiderable eort, sine it
is experimentally and theoretially diult to disentangle a perturbative from a non-perturbative
dynamis at intermediate energy, whih appear to be superimposed. This is best exemplied - at
least in the ase of eletromagneti proesses, suh as Compton sattering - in the dependene of
the intermediate energy desription on the momentum transfer [36℄. In this respet, the intera-
tion of neutrinos with the onstituents of the nuleon is no dierent, one the partoni struture
of the target is resolved. From our viewpoint, the presene of suh a gap in our knowledge well
justies any attempt to improve the urrent situation.
We reall that DVCS has been extensively studied in the last few years for eletromagneti
interations. The extension of DVCS to the ase of neutral urrents is presented here, while the
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Figure 5.1: Leading hand-bag diagrams for the proess
harged urrent version will be presented in the next hapter. Also, in this hapter we will just
fous on the lowest order ontributions to the proess, named by us Deeply Virtual Neutrino
Sattering (DVNS) in order to distinguish it from standard DVCS, while a renormalization group
analysis of the fatorized amplitude, whih requires an inlusion of the modiations indued by
the evolution will also be presented elsewhere. The appliation of the formalism that we develop
here also needs a separate study of the isosalar ross setions together with a detailed analysis of
the various experimental onstraints at neutrino fatories in order to be appliable at forthoming
experiments.
5.2 The Generalized Bjorken Region and DVCS
Compton sattering has been investigated in the near past by several groups, sine the original
work by Ji and Radyushkin [100, 101, 102℄. Previous work on the generalized Bjorken region,
whih inludes DVCS and predates the DVCS period an be found in [103℄.
A pitorial desription of the proess we are going to illustrate is given in Fig 5.1 where a
neutrino of momentum l satters o a nuleon of momentum P1 by an interation with a neutral
urrent; from the nal state a photon and a nuleon emerge, of momenta q2 and P2 respetively,
while the momenta of the nal lepton is l′. The proess is desribed in terms of new onstruts
of the parton model termed generalized parton distributions (GPD) or also non-forward (o-
forward) parton distributions. We reall that the regime for the study of GPD's is haraterized
by a deep virtuality of the exhanged photon in the initial interation (e+ p→ e+ p+ γ) ( Q2 ≈
2 GeV
2
), with the nal state photon kept on-shell; large energy of the hadroni system (W 2 > 6
GeV
2
) above the resonane domain and small momentum transfers |t| < 1 GeV2. The proess
suers of a severe Bethe-Heitler (BH) bakground, with photon emission taking plae from the
lepton. Therefore, in the relevant region, haraterized by large Q2 and small t, the dominant
Bethe-Heitler bakground (∼ 1/t) and the 1/Q behaviour of the DVCS sattering amplitude
render the analysis quite omplex. From the experimental viewpoint a dediated study of the
interferene BH-VCS is required in order to explore the generalized Bjorken region, and this is
done by measuring asymmetries. Opting for a symmetri hoie for the dening momenta, we
use as independent variables the average of the hadron and gauge bosons momenta
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P1,2 = P¯ ± ∆
2
q1,2 = q¯ ∓ ∆
2
(5.1)
with −∆ = P2 − P1 being the momentum transfer. Clearly
P¯ ·∆ = 0, t = ∆2 P¯ 2 = M2 − t
4
(5.2)
and M is the nuleon mass. There are two saling variables whih are identied in the proess,
sine 3 salar produts an grow large in the generalized Bjorken limit: q¯2, ∆ · q, P¯ · q¯.
The momentum transfer t = ∆2 is a small parameter in the proess. Momentum asymmetries
between the initial and the nal state nuleon are measured by two saling parameters, ξ and η,
related to ratios of the former invariants
ξ = − q¯
2
2P¯ · q¯ η =
∆ · q¯
2P¯ · q¯ (5.3)
where ξ is a variable of Bjorken type, expressed in terms of average momenta rather than nuleon
and Z-boson momenta. The standard Bjorken variable x = −q21/(2P1 · q1) is trivially related to
ξ in the t = 0 limit. In the DIS limit (P1 = P2) η = 0 and x = ξ, while in the DVCS limit η = ξ
and x = 2ξ/(1 + ξ), as one an easily dedue from the relations
q21 =
(
1 +
η
ξ
)
q¯2 +
t
4
, q22 =
(
1− η
ξ
)
q¯2 +
t
4
. (5.4)
We introdue also the inelastiity parameter y = P1 · l/(P1 · q1) whih measures the fration of
the total energy that is transferred to the nal state photon. Notie also that ξ = ∆
+
2P¯+
measures
the ratio between the plus omponent of the momentum transfer and the average momentum.
A seond saling variable, related to ξ is ζ = ∆+/P1
+
, whih oinides with Bjorken x (x = ζ)
when t = 0. ξ, therefore, parametrizes the large omponent of the momentum transfer ∆, whih
an be generially desribed as
∆ = 2ξP¯ + ∆ˆ (5.5)
where all the omponents of ∆ˆ are O(
√
t) [104℄.
5.3 DIS versus DVNS
In the study of ordinary DIS sattering of neutrinos on nuleons (see Fig. 5.2), the relevant
urrent orrelator is obtained from the T-produt of two neutral urrents ating on a forward
nuleon state of momentum P1
jµZ ≡ u(l′)γµ
(−1 + 4 sin2 θW + γ5)u(l) (5.6)
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where θW is the Weinberg angle, l and l
′
are the initial and nal-state lepton. The relevant
orrelator is given by
Tµν(q
2
1 , ν) = i
∫
d4zeiq·z〈P1|T (JµZ(ξ)JνZ(0)|P1〉 (5.7)
with ν = E − E′ being the energy transfered to the nuleon, P1 is the initial-state nuleon
4-momenta and q1 = l − l′ is the momentum transfered. The hadroni tensor Wµν is related to
the imaginary part of this orrelator by the optial theorem. We reall that for an inlusive ele-
troweak proess mediated by neutral urrents the hadroni tensor (for unpolarized satterings)
is identied in terms of 3 independent struture funtions at leading twist
Wµν =
(
−gµν + q1µq1ν
q21
)
W1(ν,Q
2) +
Pˆ1
µ
Pˆ1
ν
P 21
W2(ν,Q
2)
M2
− iǫµνλσqλ1P σ1
W3(ν,Q
2)
2M2
(5.8)
where transversality of the urrent is obvious sine Pˆ1
µ
= Pµ1 − qµ1P1 · q1/q21 .
The analysis at higher twists is far more involved and the total number of struture fun-
tions appearing is 14 if we inlude polarization eets. These are xed by the requirements of
Lorenz ovariane and time reversal invariane, negleting small CP-violating eets from the
CKM matrix. Their number an be redued to 8 if urrent onservation is imposed, whih is
equivalent to requiring that ontributions proportional to non-vanishing urrent quark masses
an be dropped (see also [128℄). We reall that the DIS limit is performed by the identiations
MW1(Q
2, ν) = F1(x,Q
2)
νW2(Q
2, ν) = F2(x,Q
2)
νW3(Q
2, ν) = F3(x,Q
2), (5.9)
in terms of the standard struture funtions F1, F2 and F3. There are various ways to express
the neutrino-nuleon DIS ross setion, either in terms of Q2 and the energy transfer, in whih
the sattering angle θ is integrated over, or as a triple ross setion in (Q2, ν, θ), or yet in terms
of the Bjorken variable x, inelastiity y and the sattering angle (x, y, θ). This last ase is lose
to the kinematial setup of our study. In this ase the dierential Born ross setion in DIS is
given by
d3σ
dxdydθ
=
yα2
Q4
∑
i
ηi(Q
2)Lµνi W
µν
i , (5.10)
the index i denotes the dierent urrent ontributions, ( i = |γ|2, |γZ|, |Z|2 for the neutral
urrent) and α denotes the ne struture onstant. By θ we indiate the azimuthal angle of the
nal-state lepton, while y = (P1 · q1)/(l · P1) is the inelastiity parameter, and Q2 = −q21. The
fators ηi(Q
2) denote the ratios of the orresponding propagator terms to the photon propagator
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Figure 5.2: Leading diagram for a generi DIS proess
squared,
η|γ|
2
(Q2) = 1,
η|γZ|(Q2) =
GFM
2
Z
2
√
2πα
Q2
Q2 +M2Z
,
η|Z|
2
(Q2) = (η|γZ|)2(Q2).
(5.11)
where GF is the Fermi onstant and MZ is the mass of the Z boson while the leptoni tensor
has the form
Liµν =
∑
λ′
[
u¯(k′, λ′)γµ(g
i1
V + g
i1
Aγ5)u(k, λ)
]∗
u¯(k′, λ′)γν(g
i2
V + g
i2
A γ5)u(k, λ). (5.12)
In the expression above λ and λ′, denote the initial and nal-state heliity of the leptons. The
indies i1 and i2 refer to the sum appearing in eq. (5.10)
gγV = 1, g
γ
A = 0,
gZV = −12 + 2 sin2 θW , gZA = 12 ,
(5.13)
In the ase of neutrino/nuleon interation mediated by the neutral urrent the dominant diagram
for this proess appears in Fig. 5.2. A similar diagram, with the obvious modiations, desribes
also harged urrent exhanges. We reall that the unpolarized ross setion is expressed in terms
of F1 and F2, sine F3 disappears in this speial ase, and in partiular, after an integration over
the sattering angle of the nal state neutrino one obtains
d2σ
dxdy
= 2πS
α2
Q4
(gZV )
2η|γZ|(Q2)
(
2xy2F1 + 2(1 − x− xyM
2
S
)F2
)
. (5.14)
where S = 2MEν is the nuleon-neutrino enter of mass energy.
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Figure 5.3: The ross setion of a neutrino proess of DIS-type at x ≈ 0.1 with neutral urrent
at ultrahigh energy
We also reall that in this ase the ross setion in the parton model is given by
d2σ
dxdy
=
G2FMEν
2π
(
M2Z
Q2 +M2Z
)2 [
xq0(x,Q2) + xq¯0(x,Q2)(1− y)2] (5.15)
where q0(x,Q2) and q¯0(x,Q2) are linear ombinations of parton distributions
q0(x,Q2) =
[
uv(x,Q
2) + dv(x,Q
2)
2
+
u¯(x,Q2) + d¯(x,Q2)
2
] (
L2u + L
2
d
)
+
[
u¯(x,Q2) + d¯(x,Q2)
2
] (
R2u +R
2
d
)
q¯0(x,Q2) =
[
uv(x,Q
2) + dv(x,Q
2)
2
+
u¯(x,Q2) + d¯(x,Q2)
2
] (
R2u +R
2
d
)
+
[
u¯(x,Q2) + d¯(x,Q2)
2
] (
L2u + L
2
d
)
(5.16)
with
Lu = 1− 4
3
sin2 θW , Ld = −1 + 2
3
sin2 θW
Ru = −4
3
sin2 θW , Rd =
2
3
sin2 θW
(5.17)
and we have identied the sea ontributions us and ds with u¯ and d¯ rispetively.
Let's now move to the nonforward ase. Here, when a real photon is present in the nal state,
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the relevant orrelator is given by
Tµν(q
2
1 , ν) = i
∫
d4zeiq·z〈P¯ − ∆
2
|T (JµZ(−z/2)Jνγ (z/2)|P¯ +
∆
2
〉. (5.18)
The dominant diagrams for this proess appears in Fig 5.1. We impose Ward identities on both
indies, whih is equivalent to requiring that terms proportional to the quark masses in ∂ · JZ
are negleted. This approximation is analogous to the one performed in the forward ase in
order to redue the struture funtions from 8 to 3 (in the absene of any polarization), imposing
symmetri trasversality onditions on the weak urrents
(
P¯µ − ∆
µ
2
)
Tµν = 0
(
P¯µ +
∆µ
2
)
Tµν = 0. (5.19)
The leading twist ontribution to DVNS is obtained by performing a ollinear expansion of the
loop momentum of the hand-bag diagram and negleting terms of order O(∆2⊥/Q
2) and M2/Q2.
Transversality is satised at this order. Violation of transversality ondition in the hand-bag
approximation is analogous to the DVCS ase, where it has been pointed out that one has
to inlude systematially kinematial twist-3 operators, whih appear as total derivatives of
twist-2 operators [104℄ [105℄ in order to restore it.
For the parametrization of the hand-bag diagram (Fig. 5.1) we use the light-one deompo-
sition in terms of 2 four-vetors (n, n˜), where
n˜µ = Λ(1, 0, 0, 1)
nµ =
1
2Λ
(1, 0, 0,−1)
n˜2 = n2 = 0 , n˜ · n = 1.
At the same time we set
Pµ1 = (1 + ξ)n˜
µ + (1− ξ)M
2
nµ − ∆
µ
⊥
2
Pµ2 = (1 + ξ)n˜
µ + (1 + ξ)
M
2
nµ +
∆µ⊥
2
qµ1 = −2ξn˜µ +
Q2
4ξ
nµ
kµ = (k · n ) n˜µ + (k · n˜) nµ + kµ⊥
M
2
= M2 − ∆
2
4
(5.20)
with P¯ 2 =M
2
. We will also use the notation −q21 = Q2 for the invariant mass of the virtual
Z boson and we will denote by q¯ the average gauge bosons momenta respetively.
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After a ollinear expansion of the loop momentum we obtain
T µνA = i
∫
d4k
(2π)4
Tr
{
guγ
ν
/PDγ
µg˜
(
Uv − γ5
)
Mu(k)+
gdγ
ν
/PDγ
µg˜
(
Dv − γ5
)
Md(k)
}
T µνB = i
∫
d4k
(2π)4
Tr
{
g˜γµ
(
Uv − γ5
)
/PEγ
νguM
u(k)+
g˜γµ
(
Dv − γ5
)
/PEγ
νgdM
d(k)
}
(5.21)
where we have used the following notations
gu =
2
3
e, gd =
1
3
e, g˜ =
g
4 cos (θW )
,
Uv = 1− 8
3
sin2 θW , Dv = 1− 4
3
sin2 θW ,
(5.22)
/PD =
k/ − α∆/ + q1/
(k − α∆+ q1)2 + iǫ
,
/PE =
k/ − q1/ +∆/ (1− α)
(k − q1 +∆(1− α))2 + iǫ
(5.23)
where the onstant α (α is a free parameter) ranges between 0 and 1. The M matrix is the
quark density matrix and is given by
M
(i)
ab (k) =
∫
d4yeik·y〈P ′|ψ(i)a (−αy)ψ(i)b ((1− α)y)|P 〉. (5.24)
The index i = u, d runs on avours. Using a Sudakov deomposition of the internal loop we
an rewrite T µνA and T
µν
B as
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T µνA = i
∫
d(k · n)
(2π)4
d(k · n˜)d2k⊥
∫
dλ
(2π)
dzeiλ(z−k·n)
Tr
{
guγ
ν
/PDγ
µg˜
(
Uv − γ5
)
Mu(k)+
gdγ
ν
/PDγ
µg˜
(
Dv − γ5
)
Md(k)
}
(5.25)
T µνB = i
∫
d(k · n)
(2π)4
d(k · n˜)d2k⊥
∫
dλ
(2π)
dzeiλ(z−k·n)
Tr
{
g˜γµ
(
Uv − γ5
)
/PEγ
νguM
u(k)+
g˜γµ
(
Dv − γ5
)
/PEγ
νgdM
d(k)
}
(5.26)
to whih we will refer as the diret and the exhange diagram respetively. It is also onvenient
to introdue two new linear ombinations T µν = T µνA + T
µν
B = T˜
µν
A + T˜
µν
B whih will turn useful
in order to separate Vetor (V) and axial vetor parts (A) of the expansion
T˜ µνA = i
∫
d(k · n)
(2π)4
d(k · n˜)d2k⊥
∫
dλ
(2π)
dzeiλ(z−k·n)
g˜guUvTr {[γν/PDγµ + γµ/PEγν ]Mu(k)} +
g˜gdDvTr
{
[γν/PDγ
µ + γµ/PEγ
ν ]Md(k)
}
(5.27)
T˜ µνB = −i
∫
d(k · n)
(2π)4
d(k · n˜)d2k⊥
∫
dλ
(2π)
dzeiλ(z−k·n)
g˜guTr
{
[γν/PDγ
µ + γµ/PEγ
ν ] γ5Mu(k)
}
+
g˜gdTr
{
[γν/PDγ
µ + γµ/PEγ
ν ] γ5Md(k)
}
. (5.28)
with T˜A inluding the vetor parts (V × V + A×A) and T˜B the axial-vetor parts
(V ×A + A× V ). After some algebrai manipulations we nally obtain
T˜ µνA =
i
2
∑
i=u,d
g˜giCi
∫
dλdz
(2π)
eiλz
{
(n˜µnν + n˜νnµ − gµν)α(z)〈P ′|ψ(i)
(
−λn
2
)
n/ ψ(i)
(
λn
2
)
|P 〉
+iǫµναβ n˜αnββ(z)〈P ′|ψ(i)
(
−λn
2
)
γ5n/ ψ(i)
(
λn
2
)
|P 〉
}
T˜ µνB = −
i
2
∑
i=u,d
g˜gi
∫
dλdz
(2π)
eiλz
{
(n˜µnν + n˜νnµ − gµν)α(z)〈P ′|ψ(i)
(
−λn
2
)
γ5n/ ψ(i)
(
λn
2
)
|P 〉
+iǫµναβ n˜αnββ(z)〈P ′|ψ(i)
(
−λn
2
)
n/ ψ(i)
(
λn
2
)
|P 〉
}
(5.29)
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where Ci = Uv, Dv and
α(z) =
(
1
z − ξ + iǫ +
1
z + ξ − iǫ
)
, β(z) =
(
1
z − ξ + iǫ −
1
z + ξ − iǫ
)
(5.30)
are the rst order propagators appearing in the fatorization of the amplitude. We reall, if
not obvious, that dierently from DIS, DVCS undergoes fatorization diretly at amplitude level
[106℄.
The parameterizations of the non-forward light one orrelators in terms of GPD's is of the
form given by Ji at leading twist [100℄
∫
dλ
(2π)
eiλz〈P ′|ψ
(
−λn
2
)
γµψ
(
λn
2
)
|P 〉 =
H(z, ξ,∆2)U(P ′)γµU(P ) + E(z, ξ,∆2)U(P ′)
iσµν∆ν
2M
U(P ) + .....∫
dλ
(2π)
eiλz〈P ′|ψ
(
−λn
2
)
γµγ5ψ
(
λn
2
)
|P 〉 =
H˜(z, ξ,∆2)U(P ′)γµγ5U(P ) + E˜(z, ξ,∆2)U(P ′)
γ5∆µ
2M
U(P ) + ..... (5.31)
whih have been expanded in terms of funtions H,E, H˜, E˜ [127℄ and the ellipses are meant
to denote the higher-twist ontributions. It is interesting to observe that the amplitude is still
desribed by the same light-one orrelators as in the eletromagneti ase (vetor, axial vetor)
but now parity is not onserved.
1
5.4 Operatorial analysis
The operatorial struture of the T-order produt of one eletroweak urrent and one eletro-
magneti urrent is relevant in order to identify the independent amplitudes appearing in the
orrelator at leading twist and the study is presented here. We will identify four operatorial
strutures. For this purpose let's start from the Fourier transform of the orrelator of the two
urrents
Tµν = i
∫
d4xeiqx〈P2|T
(
Jγν (x/2)J
Z0
µ (−x/2)
) |P1〉 , (5.32)
where for the neutral and eletromagneti urrents we have the following expressions
JµZ0(−x/2) = g
2 cos θW
ψu(−x/2)γµ(gZuV + gZuAγ5)ψu(−x/2) + ψd(−x/2)γµ(gZdV + gZdAγ5)ψd(−x/2),
Jν,γ(x/2) = ψd(x/2)γ
ν
(
−1
3
e
)
ψd(x/2) + ψu(x/2)γ
ν
(
2
3
e
)
ψu(x/2) . (5.33)
1
Based on the artile published in JHEP 0502, 038 (2005)
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By simple alulations one obtains
〈P2|T
(
Jγν (x/2)J
Z0
µ (−x/2)
) |P1〉 =
〈P2|ψu(x/2)guγνS(x)γµ(gZuV + gZuAγ5)ψu(−x/2)−
ψd(x/2)gdγνS(x)γµ(g
Z
dV + g
Z
dAγ
5)ψd(−x/2) +
ψu(x/2)γµ(g
Z
uV + g
Z
uAγ
5)S(−x)guγνψu(x/2) −
ψd(x/2)γµ(g
Z
dV + g
Z
dAγ
5)S(−x)gdγνψd(x/2)|P1〉 .
(5.34)
The oeients used in eqs. (5.33, 5.34) gZV and g
Z
A , are
gZuV =
1
2
+
4
3
sin2 θW g
Z
uA = −
1
2
gZdV = −
1
2
+
2
3
sin2 θW g
Z
dA =
1
2
, (5.35)
and
gu =
2
3
, gd =
1
3
(5.36)
are the absolute values of the harges of the up and down quarks in units of the eletron harge.
The funtion S(x) denotes the free quark propagator
S(x) ≈ i/x
2π2(x2 − iǫ)2 . (5.37)
After some standard identities for the γ's produts
γµγαγν = Sµανβγ
β + iǫµανβγ
5γβ,
γµγαγνγ
5 = Sµανβγ
βγ5 − iǫµανβγβ ,
Sµανβ = (gµαgνβ + gναgµβ − gµνgαβ) , (5.38)
we rewrite the orrelators as
Tµν = i
∫
d4x
eiqxxα
2π2(x2 − iǫ)2 〈P2|
[
guguV
(
SµανβO
β
u − iǫµανβO5βu
)
− guguA
(
SµανβO˜
5β
u − iǫµανβO˜βu
)
−gdgdV
(
SµανβO
β
d − iǫµανβO5βd
)
+ gdgdA
(
SµανβO˜
5β
d − iǫµανβO˜βd
)]
|P1〉.
(5.39)
The x-dependene of the operators in the former equations was suppressed.
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Whene the relevant operators are denoted by
O˜βa (x/2,−x/2) = ψa(x/2)γβψa(−x/2) + ψa(−x/2)γβψa(x/2),
O˜5βa (x/2,−x/2) = ψa(x/2)γ5γβψa(−x/2)− ψa(−x/2)γ5γβψa(x/2),
Oβa (x/2,−x/2) = ψa(x/2)γβψa(−x/2)− ψa(−x/2)γβψa(x/2),
O5βa (x/2,−x/2) = ψa(x/2)γ5γβψa(−x/2) + ψa(−x/2)γ5γβψa(x/2) ,
(5.40)
where a is a avour index.
5.5 Phases of the Amplitude
The numerial omputation of the ross setion requires a presription for a orret handling
of the singularities in the integration region at z = ±ξ. The best way to proeed is to work
out expliitly the struture of the fatorization formula of the amplitude using the Feynman
presription for going around the singularities, thereby isolating a prinipal value integral (P.V.,
whih is real) and an imaginary ontribution oming from the δ funtion term. A P.V. integral
is expressed in terms of plus distributions and of logarithmi terms, as illustrated below. The
expression of the fatorization formula of the proess in the parton model, in whih α(z) and
β(z) appear as fators in the oeient funtions, is then given by
Mfi = JµZ(q1)D(q1)ǫν∗(q1 −∆)
×
{
i
2
g˜guUv
∫ 1
−1
dz (n˜µnν + n˜νnµ − gµν)
α(z)
[
Hu(z, ξ,∆2)U(P2)n/ U(P1) + E
u(z, ξ,∆2)U(P2)
iσµνnµ∆ν
2M
U(P1)
]
+
β(z)iǫµναβ n˜αnβ
[
H˜u(z, ξ,∆2)U(P2)n/ γ
5U(P1) + E˜
u(z, ξ,∆2)U(P2)γ
5 (∆ · n)U(P1)
]
+
i
2
g˜gdDv
∫ 1
−1
dz {u→ d}−
i
2
g˜gu
∫ 1
−1
dz (−n˜µnν − n˜νnµ + gµν)
α(z)
[
H˜u(z, ξ,∆2)U(P2)n/ γ
5U(P1) + E˜
u(z, ξ,∆2)U(P2)
iγ5∆ · n
2M
U(P1)
]
+
β(z)iǫµναβ n˜αnβ
[
Hu(z, ξ,∆2)U(P2)n/ U(P1) + E
u(z, ξ,∆2)U (P2)
iσµνnµ∆ν
2M
(P1)
]
−
i
2
g˜gd
∫ 1
−1
dz {u→ d}
}
.
(5.41)
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To handle the singularity on the path of integration in the fatorization formula, as we have
already mentioned, we use the Feynman (iǫ) presription, thereby generating imaginary parts.
In partiular, any standard integral ontaining imaginary parts is then separated into real and
imaginary ontributions as
∫
dz
T (z)
z ∓ ξ ± iǫ = PV
∫ 1
−1
dz
T (z)
z ∓ ξ ∓ iπT (±ξ) (5.42)
for a real oeient T (z). We then rewrite the P.V. integral in terms of plus distributions
P.V.
∫ 1
−1
dz
H(z)
z − ξ =
∫ 1
−1
dz
H(z)−H(ξ)
z − ξ +H(ξ) log
(
1− ξ
1 + ξ
)
=
∫ 1
−1
dzQ(z)H(z) +
∫ 1
−1
dzQ¯(z)H(z) +H(ξ) log
(
1− ξ
1 + ξ
)
(5.43)
where
Q(z) = θ(−1 ≤ z ≤ ξ) 1
(z − ξ)+
= θ(−1 ≤ z ≤ ξ)
(
θ(z < ξ)
(z − ξ) − δ(z − ξ)
∫ ξ
−1
dz
(z − ξ)
)
Q¯(z) = θ(ξ ≤ z ≤ 1) 1
(z − ξ)+
= θ(−1 ≤ z ≤ ξ)
(
θ(z > ξ)
(z − ξ) − δ(z − ξ)
∫ 1
ξ
dz
(z − ξ)
)
(5.44)
and the integrals are disretized using nite elements methods, in order to have high numer-
ial auray. This last point is illustrated in Appendix C, where the omputations are done
analytially on a grid and then the grid spaing is sent to zero.
We an now proeed and ompute the ross setion. We dene the salar amplitude
Mfi = JµLep(q1)D(q1)T µνǫ∗ν(q1 −∆) (5.45)
where D(q1) is the Z0 propagator in the Feynman gauge and J
µ
Lep(q1) is the leptoni urrent and
we have introdued the polarization vetor for the nal state photon ǫν .
In partiular, for the squared amplitude we have
|Mfi|2 = −LµλD(q1)2TµνT ∗νλ (5.46)
whih is given, more speially, by
|M|2 =
∫ 1
−1
dz
∫ 1
−1
dz′
(
K1(z, z
′)α(z)α∗(z′) +K2(z, z
′)β(z)β∗(z′)
)
(5.47)
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with K1 and K2 real funtions, ombinations of the generalized distributions (H, H˜,E, E˜) with
appropriate kinematial fators. Mixed ontributions proportional to α(z)β∗(z′) and β(z)α∗(z′)
anel both in their real and imaginary parts and as suh do not ontribute to the phases. A
similar result holds also for the pure eletromagneti ase.
After some further manipulations, we nally rewrite the squared amplitude in terms of a P.V.
ontribution plus some additional terms oming from the imaginary parts
|M|2 = P.V.
∫ 1
−1
dz
∫ 1
−1
dz′
(
K1(z, z
′)α(z)α∗(z′) +K2(z, z
′)β(z)β∗(z′)
)
+π2 (K1(ξ, ξ)−K1(ξ,−ξ)−K1((−ξ, ξ) +K1(−ξ,−ξ))
+π2 (K2(ξ, ξ) +K2(ξ,−ξ) +K2((−ξ, ξ) +K2(−ξ,−ξ)) (5.48)
whih will be analized numerially in the setions below. In order to proeed with the numerial
result, it is neessary to review the standard onstrution of the nonforward parton distribution
funtions in terms of the forward distributions, whih is the topi of the next setion.
5.6 Constrution of the Input Distributions
The omputation of the ross setion proeeds rather straightforwardly, though the onstrution
of the initial onditions is more involved ompared to the forward (DIS) ase. This onstrution
has been worked out in several papers [107, 108, 109, 110, 111, 102, 108℄ in the ase of standard
DVCS, using a diagonal input appropriately extended to the non-diagonal kinematis. Dierent
types of nonforward parton distribution, all widely used in the numerial implementations have
been put forward, beside Ji's original distributions, whih we will be using in order to onstrut
the initial onditions for our proess.
For our purposes it will be useful to introdue Gole-Biernat and Martin's (GBM) distribu-
tions [109℄ at an intermediate step, whih are linearly related to Ji's distributions.
We reall, at this point, that the quark distributions Hq(z, ξ) have support in z ∈ [−1, 1],
desribing both quark and antiquark distributions for z > 0 and z < 0 respetively. In terms of
GBM distributions, two distint distributions Fˆ q¯(X, ζ) and Fˆq(X, ζ) with 0 ≤ X ≤ 1 are needed
in order to over the same information ontained in Ji's distributions using only a positive saling
variable (X). In the region X ∈ (ζ, 1] the funtions Fˆq and Fˆ q¯ are independent, but if X ≤ ζ
they are related to eah other, as shown in the (by now standard) plot in Fig. 5.4.
In this new variable (X) the DGLAP region is desribed by X > ζ (|z| > ξ), and the ERBL
region by X < ζ (|z| < ξ). In the ERBL region, Fˆq and Fˆ q¯ are not independent.
The relation between H(z, ξ) and Fˆq(X, ζ) an be obtained expliitly [112℄ as follows: for
z ∈ [−ξ, 1] we have
Fˆq,i
(
X =
z + ξ
1 + ξ
, ζ
)
=
Hq,i(z, ξ)
1− ζ/2 , (5.49)
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tion Hq(z, ξ).
and for z ∈ [−1, ξ]
Fˆ q¯,i
(
X =
ξ − z
1 + ξ
, ζ
)
= −H
q,i(z, ξ)
1− ζ/2 . (5.50)
where i is a avour index. In our alulations we use a simplied model for the GPD's where
the ∆2 dependene an be fatorized as follows [113, 107℄
H i(z, ξ,∆2, Q2) = F i1 (∆
2)qi(z, ξ,Q2)
H˜ i(z, ξ,∆2, Q2) = Gi1(∆
2)∆qi(z, ξ,Q2)
Ei(z, ξ,∆2, Q2) = F i2(∆
2) ri(z, ξ,Q2) (5.51)
where qi(z) and∆qi(z) are obtained from the standard non-polarized and longitudinally polarized
(forward) quark distributions using a spei diagonal ansatz [114℄. The ansatz ri(z, ξ) = qi(z, ξ)
is also neessary in order for the quark sum rule to hold [115℄. Analogously, in the ase of the
E˜i distributions [102, 116, 117℄ one an use the speial model
E˜u = E˜d =
1
2ξ
θ(ξ − |z|)φπ(z/ξ)gπ(∆2), gπ(∆2) =
4g
(3)
A M
2
m2π −∆2
, φπ(x) =
4
3
(1− x2)
(5.52)
valid at small ∆2, where g
(3)
A = 1.267, M is the nuleon mass and mπ is the pion mass, with the
normalization
F i1(0) = G
i
1(0) = 1. (5.53)
Notie that, analogously to the H distributions, qi(z, ξ,Q2) and ∆qi(z, ξ,Q2), whih desribe
the ∆2 = 0 limit of the H-distributions, have support in [−1, 1] and, again, they desribe quark
168 5.6. Constrution of the Input Distributions
distributions (for z > 0) and antiquark distributions (for z < 0)
q¯i(z, ξ,Q2) = −qi(−z, ξ,Q2)
∆q¯i(z, ξ,Q2) = ∆qi(−z, ξ,Q2). (5.54)
Now we're going to estabilish a onnetion between the q(z, ξ, Q¯2) and the Fˆq(X, ζ) funtions,
whih is done using Radyushkin's nonforward double distributions [102℄. The onstrution of
the input distributions, in orrespondene of an input sale Q0, is performed following a standard
strategy. This onsists in generating nonforward double distributions f(x, y) from the forward
ones (f(x)) using a prole funtion π(x, y) [101℄
f(y, x) = π(y, x)f(x), (5.55)
where we just reall that the π(y, x) funtion an be represented by
π(y, x) =
3
4
[1− |x|]2 − y2
[1− |x|]3 , (5.56)
taken to be of an asymptoti shape (see ref.[101, 108℄) for quarks and gluons. A more general
prole is given by
π(x, y) =
Γ(2b+ 2)
22b+1Γ2(b+ 1)
[(1− |x|)2 − y2]b
(1− |x|)2b+1 (5.57)
and normalized so that
∫ 1−|x|
−1+|x|
dy π(x, y) = 1 . (5.58)
b parameterizes the size of the skewing eets starting from the diagonal input. Other hoies of
the prole funtion are also possible. For instane, the double distributions (DD) dened above
have to satisfy a symmetry onstraint based on hermitiity. This demands that these must be
symmetri with respet to the exhange y ←→ 1 − x − y, and a prole funtion whih respets
this symmetry onstraint is given by [118℄
π(x, y) =
6y(1 − x− y)
(1− x)3 . (5.59)
This symmetry is ruial for establishing proper analytial properties of meson prodution am-
plitudes. We will be using below this prole and ompare the ross setion obtained with it
against the one obtained with (5.57).
Now we are able to generate distributions q(z, ξ,Q2) in the z variable at ∆2 = 0, q(z, ξ,Q2),
by integrating over the longitudinal fration of momentum exhange y harateristi of the double
distributions
q(z, ξ,Q2) =
∫ 1
−1
dx′
∫ 1−|x′|
−1+|x′|
dy′δ(x′ + ξy′ − z)f(y′, x′, Q2). (5.60)
Chapter 5. Deeply Virtual Neutrino Sattering (DVNS) 169
-20
-15
-10
-5
0
5
10
15
20
-0.1 -0.05 0 0.05 0.1
H
(z,
ξ=
0.
03
,∆
2  
=
 -
0.
2 
G
eV
2 )
z
u
d
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funtion (5.57) at an initial 0.26 GeV2
Using (5.60) and the expression of the prole funtions introdued above, the GBM distributions
are generated by the relation
Fˆq,a(X, ζ) = 2
ζ
∫ X
X−ζ
1−ζ
dx′πq
(
x′,
2
ζ
(X − x′) + x′ − 1
)
qa(x′) . (5.61)
with a similar expression for the anti-quark distributions in the DGLAP region X > ζ (z < −ξ)
Fˆ q¯,a(X, ζ) = 2
ζ
∫ −X+ζ
1−ζ
−X
dx′πq
(
x′,−2
ζ
(X + x′) + x′ + 1
)
q¯a(|x′|). (5.62)
In the ERBL region, X < ζ (|z| < ξ), after the integration over y, we are left with the sum of
two integrals
Fˆq,a(X, ζ) = 2
ζ
[∫ X
0
dx′πq
(
x′,
2
ζ
(X − x′) + x′ − 1
)
qa(x′)−∫ 0
X−ζ
dx′πq
(
x′,
2
ζ
(X − x′) + x′ − 1
)
q¯a(|x′|)
]
,
(5.63)
Fˆ q¯,a(X, ζ) = −2
ζ
[∫ ζ−X
0
dx′πq
(
x′,−2
ζ
(X + x′) + x′ + 1
)
qa(x′)−∫ 0
−X
dx′πq
(
x′,−2
ζ
(X + x′) + x′ + 1
)
q¯a(|x′|)
]
. (5.64)
Solving numerially the integrals we obtain the value of the funtion Fqs on a grid, and
using eqs. (5.49) and 5.50 we end up with the numerial form of the H-distributions. We have
used diagonal parton distribution funtions at 0.26 GeV2 [114℄ and the results of our numerial
170 5.7. The Dierential Cross Setion
-60
-40
-20
0
20
40
60
-0.04 -0.02 0 0.02 0.04
H
(z,
ξ=
0.
03
,|∆
2 | =
 0.
1 G
eV
2 )
z
−Q2 =0.26 GeV2
Figure 5.6: GPD's avour singlet ombination at 0.26 GeV2 generated with a prole (5.57)
implementation an be visualized in Figs. 5.5 and 5.6.
5.7 The Dierential Cross Setion
Our kinematial setup is illustrated in Fig. 5.8, and we hoose momenta in the target frame with
the following parameterizations
l = (E, 0, 0, E) , l′ =
(
E′, E′ cosφν sin θν , E
′ sinφν sin θν , E
′ cos θν
)
,
P1 = (M, 0, 0, 0) , P2 = (E2, |P2| cosφN sin θN , |P2| sinφN sin θN , |P2| cos θN ) (5.65)
where the inoming neutrino is taken in the positive zˆ-diretion and the nuleon is originally at
rest. The rst plane is identied by the momenta of the nal state nuleon and of the inoming
neutrino, while the seond plane is spanned by the nal state neutrino and the same zˆ-axis. φν
is the angle between the xˆ diretion and the seond plane, while φN is taken between the plane
of the sattered nuleon and the same xˆ axis. We reall that the general form of a dierential
ross setion is given by
dσ =
1
4(l · P1) |Mfi|
2(2π)4δ(4)(l + P1 − P2 − l′ − q2) d
3~l′
2l′0(2π)3
d3 ~P2
2P 02 (2π)
3
d3 ~q2
2q02(2π)
3
(5.66)
and it will be useful to express it in terms of standard quantities appearing in a standard DIS
proess suh as Bjorken variable x, inelastiity parameter y, the momentum transfer plus some
additional kinematial variables typial of DVCS suh as the asymmetry parameter ξ and ∆2.
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Figure 5.8: Kinematis of the proess ν(l)N(P1)→ ν(l′)N(P2)γ(q2)
We will be using the relations
q¯2 = −1
2
q21
(
1− ∆
2
2q21
)
≈ 1
2
Q2
ξ =
x
(
1− ∆2
2q21
)
2− x
(
1− ∆2
2q21
) ≈ 2x
2− x
(5.67)
in the nal omputation of the ross setion. It is also important to note that ∆2 has to satisfy
a kinematial onstraint
∆2min = −
M2x2
1− x+ xM2
Q2
(
1 +O
(
M2
Q2
))
. (5.68)
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One possible ross setion to study, in analogy to the DVCS ase [119℄, is the following
dσ
dxdQ2d|∆2|dφr =
y
Q2
dσ
dxdyd|∆2|dφr =
xy2
8πQ4
(
1 +
4M2x2
Q2
)− 1
2
|Mfi|2. (5.69)
where φr is the angle between the lepton and the hadron sattering planes. To proeed we also
need the relations
l · n =
[
Q2
2xy
− (1 + ξ)
2ξ
Q2
2
]
χ,
l · n˜ = Q
2
2ξ
+
Q2
4ξ2
[
Q2
2xy
− (1 + ξ)
2ξ
Q2
2
]
χ,
n · q1 = 2x
x− 2 , n˜ · q1 = Q
2 (2− x)
8x
,
(5.70)
where χ is given by
χ =
ξ
1+ξ
2
Q2
4ξ +
ξ(1−ξ)
2
M
2
2
. (5.71)
After some manipulations we obtain a simplied expression for |Mfi|2, similarly to eq. (5.47)
|Mfi|2 =
∫ 1
−1
dz
∫ 1
−1
dz′
[
A1(z, z
′, x, t,Q2)α(z)α∗(z′) +A2(z, z
′, x, t,Q2)β(z)β∗(z′)
]
× [−2Q2 (4M2 − t) (x− 2)2 (x− 1)x2y + (t− 4M2)2 (x− 1)2 x4y2
+ Q4(x− 2)4 (2− 2y + y2)]
× [2M2(MZ2 +Q2)2 (x− 2)2 [Q2(x− 2)2 − (4M2 − t)(−1 + x)x2]2y2]−1 (5.72)
where A1(z, z
′, x, t,Q2) and A2(z, z
′, x, t,Q2) are funtions of the invariants of the proess and
of the entire set of GPD's. Their expliit form is given in Appendix D. As we have already
mentioned, the (z, z′) integration is be done by using the Feynman presription to extrat the
phases and then using the distributional identities (5.43)and (5.44). For numerial auray we
have disretized the nal integrals by nite element methods, as shown in Appendix C.
We have plotted the dierential ross setion as a funtion of Q2, for various values of ∆2
and at xed x values. We have used both the prole given by (5.57) (Figs. 5.9-5.12) and the
one given in eq. (5.59) (Figs. 5.13 and 5.14) and their diret omparison in a spei kinematial
region (Fig. 5.15). The dierent proles generate dierenes in the ross setions espeially for
larger ∆2 values. Notie also that the DVNS ross setion dereases rather sharply with ∆2,
at the same time it inreases appreiably with x. The results shown are omparable with other
ross setions evaluated in the quasi-elasti region (≈ 10−5 nb) for harged and neutral urrent
interations, and appear to be sizeable. Coherene eets due to neutral urrent interations with
heavy nulei, in partiular with the neutron omponent may substantially inrease the size of
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Figure 5.9: DVCS 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tion at x = 0.1 and enter of mass energy ME = 10 GeV2 using the
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le (5.57).
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Figure 5.10: DVCS 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tion at x = 0.2 and enter of mass energy ME = 10 GeV2 using
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le (5.57).
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Figure 5.11: DVCS ross setion at x = 0.3 and enter of mass energy ME = 10 GeV2 using
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le (5.57).
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the ross setions, with an enhanement proportional to N2, where N is the number of neutrons
[120℄, though an aurate quantiation of these eets requires a speial study [121℄ whih is
underway. It is worth to emphasize that in the past this ontribution had never been inluded
in the study of neutrino-nuleon interations sine very little was known about the intermediate
energy kinematis in QCD from the point of view of fatorization. It seems obvious to us
that with the new developments now taking plae in the study of QCD at intermediate energy,
espeially in the ase of the generalized Bjorken region, of whih the deeply virtual sattering
limit is just a speial ase, it will be of wide interest to quantify with auray the role of these
new ontributions for neutrino fatories. In general, one expets that eletromagneti eets are
suppressed ompared to the standard (hadroni) deeply inelasti ross setion, and this has led
in the past to a parameterization of the intermediate energy ross setion as either dominated
by the quasi elasti region and/or by the DIS region at higher energies, as we have mentioned
in our introdution. However, the exlusive ross setion has some speial positive features, one
of them being to provide a lean signal for the detetion of weakly interating partiles, and we
expet that this aspet is going to be of relevane at experimental level.
5.8 Conlusions
We have presented an extension of the standard DVCS proess to the ase of one neutral urrent
exhange, desribing the sattering of a neutrino o a proton in the parton model. We have
desribed the leading twist behaviour of the ross setion; we have found that this is omparable
to other typial neutrino ross setions and disussed its forward or DIS limit. We have presented
a omplete formalism for the study of these proesses in the parton model. The proess is the
natural generalization of DIS with neutral urrents and relies on the notion of Generalized Parton
Distributions, new onstruts in the parton model whih have reeived onsiderable attention
in reent years. The possible appliations of these new proesses are manifold and we hope to
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return in the near future with a disussion of some of the issues not addressed in this thesis.
5.9 Appendix A
The ollinear expansion of the internal loop momentum k allows to identify the light one oper-
ators appearing in the proess at leading twist. We reall at this point that the analysis of the
hand-bag ontribution is arried out exatly as in the eletromagneti ase.
To perform the ollinear expansion and isolate the light-one orrelators of DVNS from the
hand-bag ontribution we use the relation∫
dλ dx
2π
eiλ(x−k·n) = 1 (5.73)
inside the expression of T µν in order to obtain
T µν = −
∫
d4k
(2π)4
∫
dλ dx
2π
eiλ(x−k·n)
Tr
{[
γν
i
/k − α/∆+ /q1 + iǫγ
µ + γµ
i
/k + (1− α)/∆ − /q1 + iǫγ
ν
]
M(k)
}
and therefore
T µν = −
∫
dk · n dk · n˜ dk2⊥
(2π)4
∫
dλ dx
2π
eiλ(x−k·n)
∫
d4z eik·z
Tr
{[
γν
i
/k − α/∆+ /q1 + iǫγ
µ + γµ
i
/k + (1 − α)/∆ − /q1 + iǫγ
ν
]
· 〈P ′|ψ(−αz)ψ((1 − α)z)|P 〉} .
Keeping the leading terms for the loop momenta
kµ − α∆µ + qµ1 = n˜µ (k · n+ 2αξ − 2ξ) + nµ
(
k · n˜− αξM2 + Q
2
4ξ
)
kµ + (1− α)∆µ − qµ1 = n˜µ (k · n− 2(1 − α)ξ + 2ξ) + nµ
(
k · n˜+ 2(1− α)ξM 2 − Q
2
4ξ
)
we thus obtain
T µν = −
∫
d(k · n) d(k · n˜) dk2⊥
(2π)4
∫
dλ dx
2π
eiλ(x−k·n)
∫
d4z eik·z
Tr



γν /n˜
2
(
k · n˜− αξM2 + Q24ξ
)γµ + γµ /n˜
2
(
k · n˜+ (1− α)ξM 2 − Q24ξ
)γν
+ γν
/n
2 (k · n+ 2αξ − 2ξ)γ
µ + γµ
/n
2 (k · n− 2(1− α)ξ + 2ξ)γ
ν
]
· 〈P ′|ψ(−αz)ψ((1 − α)z)|P 〉} .
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We expand
k · z = (k · n) (n˜ · z) + (k · n˜) (n · z)− ~k⊥ · ~z⊥
and hoose α = 1/2. These expansions are introdued in eq. 5.21 and after some manipulations
the tensor T now beomes
T µν |α=1/2 = −
∫
d(k · n) d(k · n˜) dk2⊥
(2π)4
∫
dλ dx
2π
eiλ(x−k·n)
∫
d4z eik·z
Tr



γν /n˜
2
(
k · n˜− α2 ξM
2
+ Q
2
2ξ
)γµ + γµ /n˜
2
(
k · n˜+ (1− α)ξM 2 − Q24ξ
)γν
+ γν
/n
2 (k · n+ 2αξ − 2ξ)γ
µ + γµ
/n
2 (k · n− 2(1 − α)ξ + 2ξ)γ
ν
]
· 〈P ′|ψ(−αz)ψ((1 − α)z)|P 〉} .
We also reall that the expansion of the matrix element M(k) proeeds also in this ase as in
the eletromagneti ase
M
(i)
ab (k) =
∫
d4yeik·y〈P ′|ψ(i)a (−αy)ψ(i)b ((1− α)y)|P 〉 = A1n˜/ +A2γ5n˜/ + ... (5.74)
where the ellipses refer to terms whih are of higher twist or disappear in the trae of the diagram.
5.10 Appendix B
The last ingredients needed in the onstrution of the input distribution funtions are the form
fators F i1 and F
i
2. From experimental measurements we know, by a dipole parametrization in
the small ∆2 region, that
GpE(∆
2) = (1 + κp)
−1GpM (∆
2) = κ−1n G
n
M (∆
2) =
(
1− ∆
2
m2V
)−2
, GnE(∆
2) = 0, (5.75)
where the eletri, GiE(∆
2) = F i1(∆
2) + ∆
2
4M2F
i
2(∆
2), and magneti form fators GiM (∆
2) =
F i1(∆
2) + F i2(∆
2) are usually parametrized in terms of a uto mass mV = 0.84GeV.
For non-polarized GPD's the valene u and d quark form fators in the proton an be easily
extrated from F
( p
n
)
I = 2
(
Qu
Qd
)
F uI +
(
Qd
Qu
)
F dI and given exliitely by
2F uI (∆
2) = 2F pI (∆
2) + FnI (∆
2), F dI (∆
2) = F pI (∆
2) + 2FnI (∆
2), for I = 1, 2. (5.76)
This exploits the fat that proton and neutron form an iso-spin doublet.
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At the sale mA = 0.9 GeV one an get
Gi1(∆
2) =
(
1− ∆
2
m2A
)−2
(5.77)
for the valene quarks. For the form fators F we obtain
F u1 = −
A∆2
M2(1−B∆2)2
(
−1 + ∆2
4M2
) +
1− C∆2
M2
“
1− ∆
2
4M2
”
(1−B∆2)2 ,
F u2 =
D
(1−B∆2)2
(
1− ∆2
4M2
) ,
F d1 = −
E∆2
M2(1−B∆2)2
(
−1 + ∆2
4M2
) +
1− C∆2
M2
“
1− ∆
2
4M2
”
(1−B∆2)2 ,
F d2 =
F
(1−B∆2)2
(
1− ∆24M2
) ,
(5.78)
where
A = 0.238 B = 1.417 C = 0.447,
D = 0.835 E = 0.477 F = 0.120. (5.79)
5.11 Appendix C
In this setion we illustrate an analytial omputation of the integrals by disretization, using
nite elements method. We want to approximate with high numerial auray integrals of the
form
P.V.
∫ 1
−1
H(z)dz
z − ξ =
∫ ξ
−1
dz
H(z)−H(ξ)
z − ξ +
∫ 1
ξ
dz
H(z)−H(ξ)
z − ξ +H(ξ) ln
∣∣∣∣ξ − 1ξ + 1
∣∣∣∣ . (5.80)
For this purpose we start by hoosing a grid on the interval (−1 = x0, ....., xn+1 = ξ) and dene
J1 =
∫ ξ
−1
dz
H(z)−H(ξ)
z − ξ =
n∑
j=0
∫ xj+1
xj
dx
H(x)−H(ξ)
x− ξ . (5.81)
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Performing a simple linear interpolation we get
J1 =
n−1∑
j=0
∫ xj+1
xj
{
H(xj)
[
xj+1 − x
xj+1 − xj
]
+H(xj+1)
[
x− xj
xj+1 − xj
]}
dx
x− ξ
+
∫ ξ
xn
{
H(xn)
[
ξ − x
ξ − xn
]
+H(ξ)
[
x− xn
ξ − xn
]}
dx
x− ξ −
∫ ξ
−1
dx
H(ξ)
x− ξ . (5.82)
After the integration we are left with
J1 =
n−1∑
j=0
H(xj)
[
−1 +
(
xj+1 − ξ
xj+1 − xj
)
ln
∣∣∣∣xj+1 − ξxj − ξ
∣∣∣∣
]
+
n−1∑
j=0
H(xj+1)
[
1 +
(
ξ − xj
xj+1 − xj
)
ln
∣∣∣∣xj+1 − ξxj − ξ
∣∣∣∣
]
−
n−1∑
j=0
H(ξ) ln
∣∣∣∣xj+1 − ξxj − ξ
∣∣∣∣−H(xn) +H(ξ) . (5.83)
Now, moving to the integral in the interval (ξ, 1), we introdue a similar grid of equally spaed
points (ξ = y0, ......, yn+1 = 1) and dene the integral
J2 =
∫ 1
ξ
dz
H(z) −H(ξ)
z − ξ =
n∑
j=0
∫ yj+1
yj
dy
H(y)−H(ξ)
y − ξ . (5.84)
As above, after isolating the singularity we obtain
J2 =
n∑
j=1
∫ yj+1
yj
{
H(yj)
[
1− y − yj
yj+1 − yj
]
+H(yj+1)
[
y − yj
yj+1 − yj
]}
dy
y − ξ
+ H(y1) +H(ξ)
∫ y1
ξ
[
y1 − y
y1 − ξ
]
dy −
∫ 1
ξ
dy
H(ξ)
y − ξ . (5.85)
Again, performing the integrations we obtain
J2 =
n∑
j=1
H(yj)
[
−1 +
(
yj+1 − ξ
yj+1 − yj
)
ln
∣∣∣∣yj+1 − ξyj − ξ
∣∣∣∣
]
+
n∑
j=1
H(yj+1)
[
1 +
(
ξ − yj
yj+1 − yj
)
ln
∣∣∣∣yj+1 − ξyj − ξ
∣∣∣∣
]
−
n∑
j=1
H(ξ) ln
∣∣∣∣yj+1 − ξyj − ξ
∣∣∣∣+H(y1)−H(ξ) . (5.86)
Colleting our results, at the end we obtain
P.V.
∫ 1
−1
H(z)dz
z − ξ = J1 + J2 +H(ξ) ln
∣∣∣∣ξ − 1ξ + 1
∣∣∣∣ . (5.87)
180 5.11. Appendix C
We an use the same strategy for the integrals of + type dened as follows
P.V.
∫ 1
−1
H(z)dz
z + ξ
=
∫ −ξ
−1
dz
H(z)−H(−ξ)
z + ξ
+
∫ 1
−ξ
dz
H(z) −H(−ξ)
z + ξ
+H(−ξ) ln
∣∣∣∣ξ + 1ξ − 1
∣∣∣∣ . (5.88)
This time we all our nal integrals X1 and X2. They are given by the expressions
X1 =
n−1∑
j=0
H(xj)
[
−1 +
(
xj+1 + ξ
xj+1 − xj
)
ln
∣∣∣∣xj+1 + ξxj + ξ
∣∣∣∣
]
+
n−1∑
j=0
H(xj+1)
[
1 +
( −ξ − xj
xj+1 − xj
)
ln
∣∣∣∣xj+1 + ξxj + ξ
∣∣∣∣
]
−
n−1∑
j=0
H(−ξ) ln
∣∣∣∣xj+1 + ξxj + ξ
∣∣∣∣−H(xn) +H(−ξ) , (5.89)
with a disretization supported in the (−1 = x0, ....., xn+1 = ξ) grid, and
X2 =
n∑
j=1
H(yj)
[
−1 +
(
yj+1 + ξ
yj+1 − yj
)
ln
∣∣∣∣yj+1 + ξyj + ξ
∣∣∣∣
]
+
n∑
j=1
H(yj+1)
[
1 +
( −ξ − yj
yj+1 − yj
)
ln
∣∣∣∣yj+1 + ξyj + ξ
∣∣∣∣
]
−
n∑
j=1
H(−ξ) ln
∣∣∣∣yj+1 + ξyj + ξ
∣∣∣∣+H(y1)−H(−ξ) . (5.90)
on the (−ξ = y0, ....., yn+1 = 1) grid. As a nal result for the + integral we get
P.V.
∫ 1
−1
H(z)dz
z + ξ
= X1 +X2 +H(−ξ) ln
∣∣∣∣ξ + 1ξ − 1
∣∣∣∣ . (5.91)
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5.12 Appendix D
In this setion we will present the full expression of the funtions A1 and A2 whih appear in
the squared amplitude
A1(z, z
′x, t,Q2) = g˜4Q2
[
4g2d[E˜
′
d(4H˜dM
2 + E˜dt)x
2
+ 4H˜ ′dM
2(4H˜d(x− 1) + E˜dx2)]
+ 4gdgu[(4E˜
′
uH˜dM
2 + 4E˜′dH˜uM
2 + E˜′uE˜dt+ E˜
′
dE˜ut)x
2
+ 4H˜ ′uM
2(4H˜d(x− 1) + E˜dx2) + 4H˜ ′dM2(4H˜u(x− 1) + E˜ux2)]
+ DvUvgdgu[4E
′
uEdt+ 4E
′
dEut− 4E′uEdtx− 4E′dEutx+ 4E′uEdM2x2
+ 4E′dEuM
2x2 + 4E′uHdM
2x2 + 4E′dHuM
2x2 +E′uEdtx
2 + E′dEutx
2
+ 4H ′uM
2(4Hd(x− 1) + Edx2) + 4H ′dM2(4Hu(x− 1) + Eux2)]
+ g2u[4E
′
uEutU
2
v − 4E′uEutU2v x+ 16E˜′uH˜uM2x2 + 4E˜′uE˜utx2
+ 4E′uEuM
2U2v x
2 + 4E′uHuM
2U2vx
2 + E′uEutU
2
vx
2 + 16H˜ ′uM
2(4H˜u(x− 1) + E˜ux2)
+ 4H ′uM
2U2v (4Hu(x− 1) + Eux2)]
+ D2vg
2
d[4H
′
dM
2(4Hd(x− 1) + Edx2) + E′d(4HdM2x2 + Ed(t (x− 2)2 + 4M2x2))]
]
(5.92)
and for A2(z, z
′, x, t) we get a similar result
A2(z, z
′, x, t,Q2) = 4g˜4Q2
[
gdgu[4E
′
uEdt+ 4E
′
dEut− 16DvH˜ ′uH˜dM2Uv − 16DvH˜ ′dH˜uM2Uv − 4E′uEdtx
− 4E′dEutx+ 16DvH˜uH˜dM2Uvx+ 16DvH˜ ′dH˜uM2Uvx+ 4E′uEdM2x2 + 4E′dEuM2x2
+ 4E′uHdM
2x2 + 4E′dHuM
2x2 + E′uEdtx
2 + E′dEutx
2 + 4DvE˜uH˜
′
dM
2Uvx
2
+ 4DvE˜dH˜
′
uM
2Uvx
2 + 4DvE˜
′
uH˜dM
2Uvx
2 + 4DvE˜
′
dH˜uM
2Uvx
2 +DvE˜
′
uE˜dtUvx
2
+ DvE˜
′
dE˜utUvx
2 + 4H ′uM
2(4Hd(x− 1) +Edx2) + 4H ′dM2(4Hu(x− 1) + Eux2)]
+ g2d[4H
′
dM
2(4Hd(x− 1) + Edx2) +D2v(E˜′d(4H˜dM2 + E˜dt)x2
+ 4H˜ ′dM
2(4H˜d(x− 1) + E˜dx2)) + E′d(4HdM2x2 + Ed(t(x− 2)2 + 4M2x2))]
+ g2u[4H
′
uM
2(4Hu(x− 1) +Eux2) + U2v (E˜′u(4H˜uM2 + E˜ut)x2
+ 4H˜ ′uM
2(4H˜u(x− 1) + E˜ux2)) + E′u(4HuM2x2 + Eu(t(x− 2)2 + 4M2x2))]
]
.
(5.93)
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Chapter 6
Leading Twist Amplitudes for Exlusive
Neutrino Interations in the Deeply
Virtual Limit
6.1 Introdution and Motivations
In the prevoius hapter we have pointed out [122℄ that exlusive proesses of DVCS-type (Deeply
Virtual Compton Sattering) ould be relevant also in the theoretial study of the exlusive
neutrino/nuleon interation. Thanks to the presene of an on-shell photon emitted in the nal
state, this partile ould be tagged together with the reoiling nuleon in a large underground
detetor in order to trigger on the proess and exlude ontamination from other bakgrounds.
With these motivations, a study of the νN → νNγ proess has been performed in [122℄. The
proess is mediated by a neutral urrent and is partiularly lean sine there is no Bethe-Heitler
ontribution. It has been termed Deeply Virtual Neutrino Sattering or DVNS and requires
in its partoni desription the eletroweak analogue of the non-forward parton distributions,
previously introdued in the study of DVCS.
In this setion we extend that analysis and provide, in part, a generalization of those results
to the harged urrent ase. Our treatment, here, is purposely short. The method that we use for
the study of the harged proesses is based on the formalism of the non-loal operator produt
expansion and the tehnique of the harmoni polynomials, whih allows to lassify the various
ontributions to the interation in terms of operators of a denite geometrial twist [123℄. We
present here a lassiation of the leading twist amplitudes of the harged proess while a detailed
phenomenologial analysis useful for future experimental searhes will be given elsewhere.
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6.2 The Generalized Bjorken Region and DVCS
Fig. 5.1 illustrates the proess that we are going to study, where a neutrino of momentum l
satters o a nuleon of momentum P1 via a neutral or a harged urrent interation; from the
nal state a photon and a nuleon emerge, of momenta q2 and P2 respetively, while the momenta
of the nal lepton is l′. We reall that Compton sattering has been investigated in the near
past by several groups, sine the original works [100, 101, 102℄. A previous study of the Virtual
Compton proess in the generalized Bjorken region, of whih DVCS is just a partiular ase,
an be found in [103℄. From the hadroni side, the desription of the interation proeeds via
new onstruts of the parton model termed generalized parton distributions (GPD) or also non-
forward parton distributions. The kinematis for the study of GPD's is haraterized by a deep
virtuality of the exhanged photon in the initial interation (ν+ p→ ν+ p+ γ) ( Q2 ≈ 2 GeV2),
with the nal state photon kept on-shell; large energy of the hadroni system (W 2 > 6 GeV2)
above the resonane domain and small momentum transfers |t| < 1 GeV2. In the eletroweak
ase, photon emission an our from the nal state eletron (in the ase of harged urrent
interations) and provides an additional ontribution to the virtual Compton amplitude. We
hoose symmetri dening momenta and use as independent variables the average of the hadron
and gauge bosons momenta
P1,2 = P¯ ∓ ∆
2
q1,2 = q ± ∆
2
, (6.1)
with ∆ = P2 − P1 being the momentum transfer. Clearly
P¯ ·∆ = 0, P¯ 2 = M2 − ∆
2
4
(6.2)
and M is the nuleon mass. There are two saling variables whih are identied in the proess,
sine 3 salar produts an grow large in the generalized Bjorken limit: q2, ∆ · q, P¯ · q.
The momentum transfer ∆2 is a small parameter in the proess. Momentum asymmetries
between the initial and the nal state nuleon are measured by two saling parameters, ξ and η,
related to ratios of the former invariants
ξ = − q
2
2P¯ · q η =
∆ · q
2P¯ · q (6.3)
where ξ is a variable of Bjorken type, expressed in terms of average momenta rather than nuleon
and gauge bosons momenta. The standard Bjorken variable x = −q21/(2P1 ·q1) is trivially related
to ξ in the t = 0 limit and in the DVCS ase η = −ξ.
Notie also that the parameter ξ measures the ratio between the plus omponent of the
momentum transfer and the average momentum.
ξ, therefore, parametrizes the large omponent of the momentum transfer ∆, whih an be
generially desribed as
∆ = −2ξP¯ −∆⊥ (6.4)
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where all the omponents of ∆⊥ are O
(√
|∆2|
)
.
6.3 Bethe-Heitler Contributions
Prior to embark on the disussion of the virtual Compton ontribution, we quote the result for
the Bethe-Heitler (BH) subproess, whih makes its rst appearane in the harged urrent ase,
sine a real photon an be radiated o the leg of the nal state lepton. The amplitude of the
BH ontribution for a W+ exhange is as follows
TW
+
BH = −|e|
g
2
√
2
g√
2
u(l′)
[
γµ
(l/ −∆/ )
(l −∆)2 + iǫγ
ν(1− γ5)
]
u(l)
Dνδ(q1)
∆2 −M2W + iǫ
ǫ∗µ(q2)×
U(P2)
[(
F u1 (∆
2)− F d1 (∆2)
)
γδ +
(
F u2 (∆
2)− F d2 (∆2)
)
i
σδα∆α
2M
]
U(P1),
(6.5)
where ǫ is the polarization vetor of the photon and
TW
−
BH = |e|
g
2
√
2
g√
2
v(l)
[
γµ
(l/ −∆/ )
(l −∆)2 + iǫγ
ν(1− γ5)
]
v(l′)
Dνδ(q1)
∆2 −M2W + iǫ
ǫ∗µ(q2)×
U(P2)
[(
F u1 (∆
2)− F d1 (∆2)
)
γδ +
(
F u2 (∆
2)− F d2 (∆2)
)
i
σδα∆α
2M
]
U(P1)
(6.6)
for the W− ase, with Dνδ(q1)/(∆
2 −M2W + iǫ) being the propagator of the W's and F1,2 the
usual nuleon form fators (see also [122℄).
6.4 Struture of the Compton amplitude for harged and neutral
urrents
Moving to the Compton amplitude for harged and neutral urrents, this an be expressed in
terms of the orrelator of urrents
Tµν = i
∫
d4xeiqx〈P2|T
(
Jγν (x/2)J
W±,Z0
µ (−x/2)
)
|P1〉 , (6.7)
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where for the harged and neutral urrents we have the following expressions
JµZ0(−x/2) = g
2 cos θW
ψu(−x/2)γµ(gZuV + gZuAγ5)ψu(−x/2) + ψd(−x/2)γµ(gZdV + gZdAγ5)ψd(−x/2),
JµW
+
(−x/2) = g
2
√
2
ψu(−x/2)γµ(1 − γ5)U∗udψd(−x/2),
JµW
−
(−x/2) = g
2
√
2
ψd(−x/2)γµ(1− γ5)Uduψu(−x/2),
Jν,γ(x/2) = ψd(x/2)γ
ν
(
−1
3
e
)
ψd(x/2) + ψu(x/2)γ
ν
(
2
3
e
)
ψu(x/2) . (6.8)
Here we have hosen a simple representation of the avour mixing matrix U∗ud = Uud = Udu =
cos θC , where θC is the Cabibbo angle.
The oeients gZV and g
Z
A are
gZuV =
1
2
+
4
3
sin2 θW g
Z
uA = −
1
2
gZdV = −
1
2
+
2
3
sin2 θW g
Z
dA =
1
2
, (6.9)
and
gu =
2
3
, gd =
1
3
(6.10)
are the absolute values of the harges of the up and down quarks in units of the eletron harge.
A short omputation gives
〈P2|T
(
Jγν (x/2)J
Z0
µ (−x/2)
) |P1〉 =
〈P2|ψu(x/2)guγνS(x)γµ(gZuV + gZuAγ5)ψu(−x/2)−
ψd(x/2)gdγνS(x)γµ(g
Z
dV + g
Z
dAγ
5)ψd(−x/2) +
ψu(x/2)γµ(g
Z
uV + g
Z
uAγ
5)S(−x)guγνψu(x/2) −
ψd(x/2)γµ(g
Z
dV + g
Z
dAγ
5)S(−x)gdγνψd(x/2)|P1〉,
(6.11)
〈P2|T
(
Jγν (x/2)J
W+
µ (−x/2)
)
|P1〉 =
〈P2|ψu(−x/2)γµ(1− γ5)UudS(−x)γν (−gd)ψd(x/2) +
ψu(x/2)γν (gu)S(x)γµ(1− γ5)Uudψd(−x/2)|P1〉,
(6.12)
〈P2|T
(
Jγν (x/2)J
W−
µ (−x/2)
)
|P1〉 =
〈P2| − ψd(x/2)gdγνS(x)γµ(1− γ5)Uduψu(−x/2) +
ψd(−x/2)γµ(1− γ5)S(−x)Uduψu(x/2)|P1〉 , (6.13)
where all the fators g/2
√
2 and g/2 cos θW , for sempliity, have been suppressed and we have
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dened
Su(x) = Sd(x) ≈ i/x
2π2(x2 − iǫ)2 . (6.14)
Using the following identities
γµγαγν = Sµανβγ
β + iǫµανβγ
5γβ,
γµγαγνγ
5 = Sµανβγ
βγ5 − iǫµανβγβ ,
Sµανβ = (gµαgνβ + gναgµβ − gµνgαβ) , (6.15)
we rewrite the orrelators as
TZ0µν = i
∫
d4x
eiqxxα
2π2(x2 − iǫ)2 〈P2|
[
guguV
(
SµανβO
β
u − iǫµανβO5βu
)
− guguA
(
SµανβO˜
5β
u − iǫµανβO˜βu
)
−gdgdV
(
SµανβO
β
d − iǫµανβO5βd
)
+ gdgdA
(
SµανβO˜
5β
d − iǫµανβO˜βd
)]
|P1〉,
(6.16)
TW
+
µν = i
∫
d4x
eiqxxαUud
2π2(x2 − iǫ)2 〈P2|
[
iSµανβ
(
O˜βud +O
5β
ud
)
+ ǫµανβ
(
Oβud + O˜
5β
ud
)]
|P1〉,
(6.17)
TW
−
µν = i
∫
d4x
eiqxxαUdu
2π2(x2 − iǫ)2 〈P2|
[
−iSµανβ
(
O˜βdu +O
5β
du
)
− ǫµανβ
(
Oβdu + O˜
5β
du
)]
|P1〉 .
(6.18)
We have suppressed the x-dependene of the operators in the former equations. The relevant
operators are denoted by
O˜βa (x/2,−x/2) = ψa(x/2)γβψa(−x/2) + ψa(−x/2)γβψa(x/2),
O˜5βa (x/2,−x/2) = ψa(x/2)γ5γβψa(−x/2) − ψa(−x/2)γ5γβψa(x/2),
Oβa (x/2,−x/2) = ψa(x/2)γβψa(−x/2)− ψa(−x/2)γβψa(x/2),
O5βa (x/2,−x/2) = ψa(x/2)γ5γβψa(−x/2) + ψa(−x/2)γ5γβψa(x/2),
(6.19)
O˜βud(x/2,−x/2) = guψu(x/2)γβψd(−x/2) + gdψu(−x/2)γβψd(x/2),
O˜5βud(x/2,−x/2) = guψu(x/2)γ5γβψd(−x/2)− gdψu(−x/2)γ5γβψd(x/2),
Oβud(x/2,−x/2) = guψu(x/2)γβψd(−x/2)− gdψu(−x/2)γβψd(x/2),
O5βud(x/2,−x/2) = guψu(x/2)γ5γβψd(−x/2) + gdψu(−x/2)γ5γβψd(x/2),
(6.20)
and similar ones with u↔ d interhanged.
We use isospin symmetry to relate avour nondiagonal operators (Oˆff ′) to avour diagonal
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ones (Oˆff )
〈p|Oˆud(x)|n〉 = 〈p|Oˆud(x)τ−|n〉 = 〈p|
[
Oˆud(x), τ−
]
|n〉 = 〈p|Oˆuu(x)|p〉 − 〈p|Oˆdd(x)|p〉 ,
〈p|Oˆud(x)|n〉 = 〈n|Oˆdd(x)|n〉 − 〈n|Oˆuu(x)|n〉 ,
〈n|Oˆdu(x)|p〉 = 〈p|Oˆuu(x)|p〉 − 〈p|Oˆdd(x)|p〉 ,
〈n|Oˆdu(x)|p〉 = 〈n|Oˆdd(x)|n〉 − 〈n|Oˆuu(x)|n〉, (6.21)
where
τ± = τx ± τy (6.22)
are isospin raising/lowering operators expressed in terms of Pauli matries.
6.5 Parameterization of nonforward matrix elements
The extration of the leading twist ontribution to the handbag diagram is performed using the
geometrial twist expansion, as developed in [124, 125, 126, 127, 128, 129, 130, 131, 132℄, adapted
to our ase. We set the twist-2 expansions on the light one (with x2 = 0) and we hoose the
light-one gauge to remove the gauge link
〈P2|ψa(−kx)γµψa(kx)|P1〉tw.2 =∫
Dze−ik(x·Pz)F a(ν)(z1, z2, Pi · Pjx2, Pi · Pj)U(P2) [γµ − ikPzµx/ ]U(P1) +∫
Dze−ik(x·Pz)Ga(ν)(z1, z2, Pi · Pjx2, Pi · Pj)U (P2)
[
(iσµα∆α)
M
− ikPzµ
(
iσαβxα∆β
)
M
]
U(P1) ,
(6.23)
with 0 < k < 1 a salar parameter, with
Pz = P1z1 + P2z2, (6.24)
and
〈P2|ψa(−kx)γ5γµψa(kx)|P1〉tw.2 =∫
Dze−ik(x·Pz)F 5a(ν)(z1, z2, Pi · Pjx2, Pi · Pj)U (P2)
[
γ5γµ − ikPzµγ5x/
]
U(P1) +∫
Dze−ik(x·Pz)G5a(ν)(z1, z2, Pi · Pjx2, Pi · Pj)U(P2)γ5
[
(iσµα∆α)
M
− ikPzµ
(
iσαβxα∆β
)
M
]
U(P1).
(6.25)
The index (ν) in the expressions of the distribution funtions F,G has been introdued in order
to distinguish them from the parameterization given in [124, 103℄, whih are related to linear
Chapter 6. Leading Twist Amplitudes for Exlusive Neutrino Interations 189
ombinations of eletromagneti orrelators. In the expressions above a is a avour index and we
have introdued both a vetor (Dira) and a Pauli-type form fator ontribution with nuleon
wave funtions (U(P)). The produt Pi ·Pj denotes all the possible produts of the two momenta
P1 and P2, and the measure of integration is dened by [124℄
Dz =
1
2
dz1dz2 θ(1− z1) θ(1 + z1) θ(1− z2) θ(1 + z2). (6.26)
In our parameterization of the orrelators we are omitting the so alled trae-terms (see
ref. [103℄), sine these terms vanish on shell. In order to arrive at a partoni interpretation
one introdues variables z+ and z− onjugated to 2P¯ and ∆ and dened as
z+ = 1/2(z1 + z2),
z− = 1/2(z2 − z1),
Dz = dz+dz−θ(1 + z+ + z−)θ(1 + z+ − z−)θ(1− z+ + z−)θ(1− z+ − z−). (6.27)
In terms of these new variables Pz = 2P¯ z+ +∆z−, whih will be used below. At this stage, we
an proeed to alulate the hadroni tensor by performing the x-spae integrations. This will
be illustrated in the ase of the W+ urrent, the others being similar. We dene
∫
dx4
eiqxxα
2π2 (x2 − iǫ)2 〈P2|SµανβO˜
aβ|P1〉 = S˜aµν ,∫
dx4
eiqxxα
2π2 (x2 − iǫ)2 〈P2|SµανβO
5aβ|P1〉 = S5aµν ,∫
dx4
eiqxxα
2π2 (x2 − iǫ)2 〈P2|ǫµανβO
aβ|P1〉 = εaµν ,∫
dx4
eiqxxα
2π2 (x2 − iǫ)2 〈P2|ǫµανβO˜
5aβ |P1〉 = ε˜5aµν , (6.28)
and introdue the variables
Qα1 (z) = q
α +
1
2
Pαz ,
Qα2 (z) = q
α − 1
2
Pαz , (6.29)
where (z) is now meant to denote both variables (z+, z−). The presene of a new variable Q2,
ompared to [124℄, is related to the fat that we are parameterizing eah single bilinear ovariant
rather then linear ombinations of them, as in the eletromagneti ase.
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After some re-arrangements we get
S˜aµν = gu
∫
Dz
F a(ν)(z)
(Q21 + iǫ)
{
[−gµνq/ + qνγµ + qµγν ] +
[
Pzµγν + Pzνγµ
]
− q/
(Q21 + iǫ)
[
PzµPzν + Pzµqν + Pzνqµ − gµν(Pz · q)
]}
+
gd
∫
Dz
F a(ν)(z)
(Q22 + iǫ)
{
[−gµνq/ + qνγµ + qµγν ]−
[
Pzµγν + Pzνγµ
]
+
q/
(Q22 + iǫ)
[−PzµPzν + Pzµqν + Pzνqµ − gµν(Pz · q)]
}
+
gu
∫
Dz
Ga(ν)(z)
(Q21 + iǫ)
{[
−gµν
iσαβqα∆β
M
+ qν
iσµβ∆β
M
+ qµ
iσνβ∆β
M
]
+
[
Pzµ
iσνβ∆β
M
+ Pzν
iσµβ∆β
M
]
− iσ
αβqα∆β
M(Q21 + iǫ)
[
PzµPzν + Pzµqν + Pzνqµ − gµν(Pz · q)
]}
+
gd
∫
Dz
Ga(ν)(z)
(Q22 + iǫ)
{[
−gµν iσ
αβqα∆β
M
+ qν
iσµβ∆β
M
+ qµ
iσνβ∆β
M
]
−
[
Pzµ
iσνβ∆β
M
+ Pzν
iσµβ∆β
M
]
+
iσαβqα∆β
M(Q22 + iǫ)
[−PzµPzν + Pzµqν + Pzνqµ − gµν(Pz · q)]
}
,
(6.30)
with an analogous expressions for S5aµν , that we omit, sine it an be reovered by performing the
substitutions
γµ → γ5γµ σµν → γ5σµν ,
F a(ν), Ga(ν) → F 5a(ν), G5a(ν) (6.31)
in (6.30).
Similarly, for εaµν we get
εaµν = gu
∫
DzF a(ν)(z)
{
1
(Q21 + iǫ)
ǫµανβ
[
qαγβ − P
β
z qαq/
(Q21 + iǫ)
]}
−
gd
∫
DzF a(ν)(z)
{
1
(Q22 + iǫ)
ǫµανβ
[
qαγβ +
P βz qαq/
(Q22 + iǫ)
]}
+
gu
∫
DzGa(ν)(z)
{
1
(Q21 + iǫ)
ǫµανβ
[
qα
iσβδ∆δ
M
− P
β
z qα(iσλδqλ∆δ)
M (Q21 + iǫ)
]}
−
gd
∫
DzGa(ν)(z)
{
1
(Q22 + iǫ)
ǫµανβ
[
qα
iσβδ∆δ
M
+
P βz qα(iσλδqλ∆δ)
M (Q22 + iǫ)
]}
. (6.32)
The expression of ε˜5aµν an be obtained in a similar way. To ompute the T
Z0
µν tensor we need to
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inlude the following operators, whih are related to the previous ones by gu , gd → 1∫
dx4
eiqxxα
2π2 (x2 − iǫ)2 〈P2|SµανβO
aβ|P1〉 = Saµν ,∫
dx4
eiqxxα
2π2 (x2 − iǫ)2 〈P2|SµανβO˜
5aβ|P1〉 = S˜5aµν ,∫
dx4
eiqxxα
2π2 (x2 − iǫ)2 〈P2|ǫµανβO˜
aβ|P1〉 = ε˜aµν ,∫
dx4
eiqxxα
2π2 (x2 − iǫ)2 〈P2|ǫµανβO
5aβ |P1〉 = ε5aµν . (6.33)
In this ase a simple manipulation of (6.30) gives
Saµν =
∫
Dz
F a(ν)(z)
(Q21 + iǫ)
{
[−gµνq/ + qνγµ + qµγν ] +
[
Pzµγν + Pzνγµ
]
− q/
(Q21 + iǫ)
[
PzµPzν + Pzµqν + Pzνqµ − gµν(Pz · q)
]}−
∫
Dz
F a(ν)(z)
(Q22 + iǫ)
{
[−gµνq/ + qνγµ + qµγν ]−
[
Pzµγν + Pzνγµ
]
+
q/
(Q22 + iǫ)
[−PzµPzν + Pzµqν + Pzνqµ − gµν(Pz · q)]
}
+
∫
Dz
Ga(ν)(z)
(Q21 + iǫ)
{[
−gµν iσ
αβqα∆β
M
+ qν
iσµβ∆β
M
+ qµ
iσνβ∆β
M
]
+
[
Pzµ
iσνβ∆β
M
+ Pzν
iσµβ∆β
M
]
− iσ
αβqα∆β
M(Q21 + iǫ)
[
PzµPzν + Pzµqν + Pzνqµ − gµν(Pz · q)
]}−
∫
Dz
Ga(ν)(z)
(Q22 + iǫ)
{[
−gµν iσ
αβqα∆β
M
+ qν
iσµβ∆β
M
+ qµ
iσνβ∆β
M
]
−
[
Pzµ
iσνβ∆β
M
+ Pzν
iσµβ∆β
M
]
+
iσαβqα∆β
M(Q22 + iǫ)
[−PzµPzν + Pzµqν + Pzνqµ − gµν(Pz · q)]
}
.
(6.34)
The expression of S˜5aµν is obtained from (6.34) by the replaements (6.31).
For the ε˜aµν ase, a re-arrangement of (6.32) gives
ε˜aµν =
∫
DzF a(ν)(z)
{
1
(Q21 + iǫ)
ǫµανβ
[
qαγβ − P
β
z qαq/
(Q21 + iǫ)
]}
+
∫
DzF a(ν)(z)
{
1
(Q22 + iǫ)
ǫµανβ
[
qαγβ +
P βz qαq/
(Q22 + iǫ)
]}
+
∫
DzGa(ν)(z)
{
1
(Q21 + iǫ)
ǫµανβ
[
qα
iσβδ∆δ
M
− P
β
z qα(iσλδqλ∆δ)
M (Q21 + iǫ)
]}
+
∫
DzGa(ν)(z)
{
1
(Q22 + iǫ)
ǫµανβ
[
qα
iσβδ∆δ
M
+
P βz qα(iσλδqλ∆δ)
M (Q22 + iǫ)
]}
. (6.35)
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Also in this ase, the expression of the ε5aµν tensor is obtained by the replaements (6.31).
6.6 The partoni interpretation
At a rst sight, the funtions F (ν), G(ν), F 5(ν), G5(ν) do not have a simple partoni interpretation.
To progress in this diretion it is useful to perform the expansions of the propagators
1
Q21 + iǫ
≈ 1
2(P¯ · q)
1
[z+ − ξ + ηz− + iǫ] ,
1
Q22 + iǫ
≈ − 1
2(P¯ · q)
1
[z+ + ξ + ηz− − iǫ] (6.36)
whih are valid only in the asymptoti limit. In this limit only the large kinematial invariants
and their (nite) ratios are kept. In this expansion the physial saling variable ξ appears quite
naturally and one is led to introdue a new linear ombination
t = z+ + ηz− , (6.37)
to obtain
1
Q21 + iǫ
≈ 1
2(P¯ · q)
1
[t− ξ + iǫ] ,
1
Q22 + iǫ
≈ − 1
2(P¯ · q)
1
[t+ ξ − iǫ] . (6.38)
Analogously, we rewrite Pz using the variables {t, z−}
Pz = 2P¯ t+ πz− , (6.39)
in terms of a new 4-vetor, denoted by π, whih is a diret measure of the exhange of transverse
momentum with respet to P¯
π = ∆+ 2ξP¯ . (6.40)
This quantity is stritly related to ∆⊥, as given in (6.4). The dominant (large) omponents of
the proess are related to the ollinear ontributions, and in our alulation the ontributions
proportional to the vetor π will be negleted. This, of ourse, introdues a violation of the
transversality of the proess of O(∆⊥/2P¯ · q).
Adopting the new variables {t, z−} and the onjugate ones
{
P¯ , π
}
, the relevant integrals that
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we need to redue to a single (partoni) variable are ontained in the expressions
HQ1(ξ) =
∫
dz+dz−
H(z+, z−)
(Q21 + iǫ)
=
1
2P¯ · q
∫
Dz
H(t+ ξz−, z−)
(t− ξ + iǫ)
HµQ1(ξ) =
∫
dz+dz−
H(z+, z−)
(Q21 + iǫ)
[
2P¯µz+ +∆
µz−
]
=
1
2P¯ · q
∫
Dz
H(t+ ξz−, z−)
(t− ξ + iǫ)
[
2P¯µt+ πµz−
]
HµνQ1(ξ) =
∫
dz+dz−
H(z+, z−)
(Q21 + iǫ)
2
[Pµz P
ν
z + q
µP νz + q
νPµz − gµνq · Pz]
=
1
(2P¯ · q)2
∫
Dz
H(t+ ξz−, z−)
(t− ξ + iǫ)2
[
4P¯µP¯ νt2 +
(
2qµP¯ ν + 2qν P¯µ
)
t− gµν(q · Pz)
+πµπνz2− + (q
µπν + qνπµ) z− +
(
2P¯µπν + 2P¯ νπµ
)
tz−
]
.
(6.41)
Here H(z+, z−) is a generi symbol for any of the funtions. We have similar expressions for the
integrals depending on the momenta Q2.
The integration over the z− variable in the integrals shown above is performed by introduing
a suitable spetral representation of the funtion H(t,+ξz−, z−). As shown in [124℄, we an
lassify these representations by the n = 0, 1, ..., powers of the variable z− ,
hˆn(t/τ, ξ) =
∫
dz−z−
nhˆ(
t
τ
+ ξz−, z−). (6.42)
With the help of this relation one obtains
Hˆn(t, ξ) =
1
tn
∫
dz−z−
nH(t+ ξz−, z−) =
1
tn
∫ 1
0
dτ
τ
τn hˆn(t/τ, ξ)
=
∫ sign(t)
t
dλ
λ
λ−nhˆn(λ, ξ) . (6.43)
The result of this manipulation is to generate single-valued distribution amplitudes from double-
valued ones. In the single-valued distributions hˆn(t, ξ) the new saling variables t and ξ have
a partoni interpretation. ξ measures the asymmetry between the momenta of the initial and
nal states, while it an be heked that the support of the variable t is the interval [−1, 1].
The twist-2 part of the Compton amplitude is related only to the n = 0 moment of z−. Before
performing the z− integration in eah integral of Eq. (6.41) using Eq. (6.43) - a typial example
is HµνQ1(ξ) - we redue suh integrals to the sum of two terms using the identity
∫ 1
−1
dt
tm
(t± ξ ∓ iǫ)2 Hˆn(t, ξ) =
∫ 1
−1
dt
tm−1
(t± ξ ∓ iǫ)
[
Hˆn(t, ξ)− 1
tn
hˆn(t, ξ)
]
. (6.44)
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As shown in [103℄, after the z− integration, the integrals in (6.41) an be re-written in the form
HQ1(ξ) =
1
2P¯ · q
∫ 1
−1
dt
Hˆ0(t, ξ)
(t− ξ + iǫ) ,
HµQ1(ξ) =
2P¯µ
2P¯ · q
∫ 1
−1
dt
tHˆ0(t, ξ)
(t− ξ + iǫ) +O(π
µ),
HµνQ1(ξ) =
1
(2P¯ · q)2
∫ 1
−1
dt
[
2Hˆ0(t, ξ)− hˆ0(t, ξ)
]
(t− ξ + iǫ) 4P¯
µP¯ νt
+
1
(2P¯ · q)2
∫ 1
−1
dt
[
Hˆ0(t, ξ)− hˆ0(t, ξ)
]
(t− ξ + iǫ)
{
(2qµP¯ ν + 2qν P¯µ − gµν2q · P¯ )}+O(πµπν),
(6.45)
where, again, we are negleting ontributions from the terms proportional to πµ, subleading in
the deeply virtual limit. The quantities that atually have a strit partoni interpretation are the
hˆa0(t, ξ) funtions, as argued in ref. [133℄. The identiation of the leading twist ontributions is
performed exatly as in [124℄. We use a suitable form of the polarization vetors (for the gauge
bosons) to generate the heliity omponents of the amplitudes and perform the asymptoti
(DVCS) limit in order to identify the leading terms. Terms of O(1/
√
2P¯ · q) are suppressed and
are not kept into aount. Below we will show only the tensor strutures whih survive after this
limit.
6.7 Organizing the Compton amplitudes
In order to give a more ompat expression for the amplitudes of our proesses we dene
gTµν = −gµν + q
µP¯ ν
(q · P¯ ) +
qνP¯µ
(q · P¯ ) ,
α(t) =
gu
(t− ξ + iǫ) −
gd
(t+ ξ − iǫ) ,
β(t) =
gu
(t− ξ + iǫ) +
gd
(t+ ξ − iǫ) .
(6.46)
Calulating all the integrals in the Eqs. (6.30), (6.34) and (6.32), (6.35), we rewrite the expres-
sions of the amplitudes as follows
TW
+
µν = iUudU(P2)
[
i
(
S˜uµν + S
5u
µν
)
+ εuµν + ε˜
5u
µν − i
(
S˜dµν + S
5d
µν
)
− εdµν − ε˜5dµν
]
U(P1) ,
TW
−
µν = −iUduU(P2)
[
i
(
S˜uµν + S
5u
µν
)
+ εuµν + ε˜
5u
µν − i
(
S˜dµν + S
5d
µν
)
− εdµν − ε˜5dµν
]
gu→gd
U(P1) ,
TZ0µν = i U (P2)
[
guguV
(
Suµν − iε5uµν
)− guguA (S˜5uµν − iε˜uµν)
−gdgdV
(
Sdµν − iε5dµν
)
+ gdgdA
(
S˜5dµν − iε˜dµν
)]
U(P1) , (6.47)
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where, suppressing all the subleading terms in the tensor strutures, we get
U(P2)S˜
aµνU(P1) =
∫ 1
−1
dt α(t)
gTµν
2P¯ · q
[
U(P2)q/ U(P1)fˆ
a
0 (t, ξ) + U(P2)(i
σαβqα∆β
M
)U(P1)gˆ
a
0 (t, ξ)
]
+
∫ 1
−1
dt β(t)
P¯µP¯ ν
(P¯ · q)2
[
U(P2)q/ U(P1)tfˆ
a
0 (t, ξ) + U(P2)(i
σαβqα∆β
M
)U(P1)tgˆ
a
0 (t, ξ)
]
(6.48)
while for the εaµν expression we obtain
U(P2)ε
aµνU(P1) = ǫ
µανβ 2qαP¯β
(2P¯ · q)2
∫ 1
−1
dt β(t)
[
U(P2)q/ U(P1)fˆ
a
0 (t, ξ) +
U(P2)(i
σαβqα∆β
M
)U(P1)gˆ
a
0 (t, ξ)
]
.(6.49)
Passing to the Saµν and ε˜aµν tensors, whih appear in the Z0 neutral urrent exhange, we get
the following formulas
U(P2)S
aµνU(P1) =
∫ 1
−1
dt
(
1
t− ξ + iǫ +
1
t+ ξ − iǫ
)
×
{
gTµν
2P¯ · q
[
U(P2)q/ U(P1)fˆ
a
0 (t, ξ) + U(P2)(i
σαβqα∆β
M
)U(P1)gˆ
a
0(t, ξ)
]}
+
∫ 1
−1
dt
(
1
t− ξ + iǫ −
1
t+ ξ − iǫ
)
· P¯
µP¯ ν
(P¯ · q)2
[
U(P2)q/ U(P1)tfˆ
a
0 (t, ξ) + U(P2)(i
σαβqα∆β
M
)U(P1)tgˆ
a
0 (t, ξ)
]
(6.50)
U(P2)ε˜
aµνU(P1) =
∫ 1
−1
dt
(
1
t− ξ + iǫ −
1
t+ ξ − iǫ
)
ǫµανβ
2qαP¯β
(2P¯ · q)2 ×{[
U(P2)q/ U(P1)fˆ
a
0 (t, ξ) + U(P2)(i
σαβqα∆β
M
)U(P1)gˆ
a
0 (t, ξ)
]}
.
(6.51)
Obviously the S˜a 5µν , Sa 5µν , ε˜a 5µν and εa 5µν expressions are obtained by the substitution (6.31).
At this stage, to square the amplitude, we need to alulate the following quantity, separately
for the two harged proesses
T 2 = |TDV NS |2 + TDV NST ∗BH + TBHT ∗DVNS + |TBH |2 , (6.52)
whih simplies in the neutral ase, sine it redues |TDV NS |2 [122℄. Eqs. (6.47)-(6.51) and their
axial ounterparts are our nal result and provide a desription of the deeply virtual amplitude
in the eletroweak setor for harged and neutral urrents. The result an be expressed in terms
of a small set of parton distribution funtions whih an be easily related to generalized parton
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distributions, as in standard DVCS.
1
6.8 Conlusions
We have presented an appliation/extension of a method, whih has been formulated in the
past for the identiation of the leading twist ontributions to the parton amplitude in the
generalized Bjorken region, to the eletroweak ase. We have onsidered the speial ase of a
deeply virtual kinematis. We have foused our attention on proesses initiated by neutrinos.
From the theoretial and experimental viewpoints the study of these proesses is of interest, sine
very little is known of the neutrino interation at intermediate energy in these more omplex
kinematial domains.
1
Based on the artile [134℄
Bibliography
[1℄ G. Sterman, Nul.Phys.Pro.Suppl. 108, 49 (2002), G. Sterman and W. Vogelsang pro-
eedings of Physis at Run II: QCD and Weak Boson Physis, hep-ph/0002132.
[2℄ A. Vogt Comput. Phys. Commun. 170 65, (2005)
[3℄ A. Cafarella and C. Corianò, Comput. Phys. Commun.160: 213, (2004).
[4℄ A. Cafarella, C. Corianò and M. Guzzi, JHEP 0311:059, (2003);
[5℄ L.E. Gordon and G.P. Ramsey Phys.Rev.D59:074018, (1999).
[6℄ G.Rossi, Phys.Rev. D 29 852, (1984).
[7℄ J.H. Da Luz Vieira and J. K. Storrow, Z.Phys. C 51 241, (1991).
[8℄ J.W.F. Valle, hep-ph/0310125; hep-ph/0301061, Pro.Indian Natl.Si.Aad.70A:189.
[9℄ J. Hurheim for the MINOS Coll., Amsterdam 2002,(31st ICHEP 2002), Amsterdam, Jul
2002.
[10℄ M.V. Diwan et al., Phys. Rev. D 68 012002,2003; W.T. Weng et al, J. Phys. G 29 1735,
(2003); W. Mariano, talk at the KITP Conferene:Neutrinos: Data, Cosmos, and Plank
Sale (Mar 3-7, 2003)
[11℄ M. Mangano et al., Report of the nuDIS Working Group for the ECFA-CERN Neutrino-
Fatory study, hep-ph/0105155.
[12℄ G. Sterman and P. Stoler, Ann. Rev. Nul. Part. Si. 47 193, (1997).
[13℄ C. Corianò and C. Savkli, JHEP 9807:008,1998.
[14℄ O.V. Tarasov, A.A. Vladimirov and A.Y. Zharkov, Phys. Lett. 93B 429, (1980).
[15℄ S.A. Larin and J.A.M. Vermaseren, Phys. Lett. B303 334, (1993).
[16℄ T. van Rtbergen, J. Vermaseren and S. Larin, Phys. Lett, B400 379, (1997).
[17℄ S. Moh, J. Vermaseren and A. Vogt, Nul. Phys. B 688, 101, (2004); Nul. Phys. B 691,
129, (2004).
197
198 Bibliography
[18℄ C. Corianò, Nul.Phys.B627:66-94, (2002), C. Corianò and A. Faraggi, Phys. Rev. D 65,
075001, (2002).
[19℄ R.K. Ellis, Z. Kunszt, E.M. Levin, Nul.Phys. B 420 517, (1994), Erratum-ibid. B 433
498, (1995)
[20℄ A. Buras, Rev. Mod. Phys. 52, 199 (1980).
[21℄ W. Furmanski and R. Petronzio, Nul. Phys. B 195 237, (1982).
[22℄ W. Furmanski, R. Petronzio Z. Phys. C 11 293, (1982).
[23℄ D. Kosower, Nul.Phys. B 506, 439 (1997).
[24℄ W. Giele et al. hep-ph/0204316
[25℄ M. Dittmar et al., hep-ph/0511119
[26℄ S. Catani, Aspets of QCD, from the Tevatron to the LHC, in Proeedings of Workshop
on Physis at TeV Colliders, Les Houhes, Frane, 7-18 Jun 1999, hep-ph/0005233.
[27℄ X. Ji, Phys.Rev.D55 (1997) 7114.
[28℄ A.V. Radyushkin, Phys.Rev.D56 (1997) 5524.
[29℄ A. Cafarella and C. Corianò, Int. J. Mod. Phys. A 20 4863, (2005)
[30℄ C. Bourrely, J. Soer, and O.V. Teryaev Phys.Lett.B420 (1998) 375.
[31℄ C. Bourrely, E. Leader, O.V. Teryaev, hep-ph/9803238.
[32℄ R.L. Jae and X. Ji, Phys. Rev. Lett. 67 (1991) 552.
[33℄ E. Barone, Phys.Lett.B409 (1997) 499.
[34℄ L.E. Gordon and G. P. Ramsey, Phys.Rev.D59 (1999) 074018.
[35℄ A.V. Efremov and A.V. Radyushkin, Phys. Lett. B94 (1980) 245; G. P. Lepage and S.J.
Brodsky, Phys. Rev. D22 (1980) 2157.
[36℄ C. Corianò and H. N. Li, JHEP 9807 (1998) 008; Nul. Phys. B 434, 535 (1995).
[37℄ K.J. Gole-Biernat and A. D. Martin, Phys.Rev.D59 (1999) 014029.
[38℄ M.Glk, E.Reya, M.Stratmann and W.Vogelsang, Phys.Rev.D 63 (2001) 094005
[39℄ M.Glk, E.Reya and A.Vogt, Eur.Phys.J.C 5 (1998) 461
[40℄ O. Martin, A. Shafer , M. Stratmann, W. Vogelsang, Phys.Rev. D 57: 117502, (1998)
[41℄ H.L.Lai et al., Phys.Rev.D 55 (1997) 1280.
Chapter 6. Leading Twist Amplitudes for Exlusive Neutrino Interations 199
[42℄ L.E.Gordon, M.Goshtasbpour and G.P.Ramsey, Phys.Rev.D 58 (1998) 094017.
[43℄ V. Barone, A. Cafarella, C. Corianò, M. Guzzi, P.G. Ratlie, Phys. Lett. B 639:483,
(2006).
[44℄ S.J. Brodsky, Testing Quantum Chromodynamis with Antiprotons, hep-ph/0411046.
[45℄ For a review on the transverse polarisation of quarks in hadrons, see V. Barone, A. Drago
and P.G. Ratlie,Phys. Rep. 359 (2002) 1.
[46℄ J. Ralston and D.E. Soper, Nul. Phys. B152 (1979) 109; J.L. Cortes, B. Pire and J.P. Ral-
ston, Z. Phys. C55 (1992) 409; R.L. Jae and X. Ji, Nul. Phys. B375 (1992) 527.
[47℄ J.C. Collins, Nul. Phys. B396 (1993) 161.
[48℄ G. Bune, N. Saito, J. Soer and W. Vogelsang, Ann. Rev. Nul. Part. Phys. 50 (2000) 525.
[49℄ V. Barone, T. Calaro and A. Drago, Phys. Rev. D56 (1997) 527.
[50℄ O. Martin, A. Shäfer, M. Stratmann and W. Vogelsang, Phys. Rev. D57 (1998) 3084;
Phys. Rev. D60 (1999) 117502.
[51℄ P.G. Ratlie, Eur. Phys. J. C41 (2005) 319.
[52℄ A. Mukherjee, M. Stratmann and W. Vogelsang, Phys. Rev. D67 (2003) 114006.
[53℄ A. Mukherjee, M. Stratmann and W. Vogelsang, Phys. Rev. D72 (2005) 034011.
[54℄ V. Barone, T. Calaro and A. Drago, Phys. Lett. B390 (1997) 287.
[55℄ V. Barone, Phys. Lett. B409 (1997) 499.
[56℄ M. Anselmino, V. Barone, A. Drago and N.N. Nikolaev, Phys. Lett. B594 (2004) 97.
[57℄ A.V. Efremov, K. Goeke and P. Shweitzer, Eur. Phys. J. C35 (2004) 207.
[58℄ PAX Collab., V. Barone et al., AntiprotonProton Sattering Experiments with Polar-
ization, Tehnial Proposal, hep-ex/0505054.
[59℄ F. Rathmann et al., Phys. Rev. Lett. 94 (2005) 014801.
[60℄ M. Guzzi, in pro. of the Int. Workshop Transversity 2005 (Como, 2005), V. Barone and
P.G. Ratlie eds., World Sienti, in press.
[61℄ P.J. Sutton, A.D. Martin, R.G. Roberts and W.J. Stirling, Phys. Rev. D45 (1992) 2349.
[62℄ J. Soer, Phys. Rev. Lett. 74 (1995) 1292.
[63℄ M. Glük, E. Reya and A. Vogt, Eur. Phys. J. C5 (1998) 461; M. Glük, E. Reya, M. Strat-
mann and W. Vogelsang, Phys. Rev. D63 (2001) 094005.
200 Bibliography
[64℄ F. Baldrahini, N.S. Craigie, V. Roberto and M. Soolovsky, Fortshr. Phys. 30 (1981)
505; X. Artru and M. Mekh, Z. Phys. C45 (1990) 669; A. Hayashigaki, Y. Kanazawa
and Y. Koike, Phys. Rev. D56 (1997) 7350; S. Kumano and M. Miyama, Phys. Rev. D56
(1997) R2504; W. Vogelsang, Phys. Rev. D57 (1998) 1886; J. Blümlein, Eur. Phys. J. C20
(2001) 683.
[65℄ H. Shimizu, G. Sterman, W. Vogelsang and H. Yokoya, Phys. Rev. D71 (2005) 114007.
[66℄ M.J. Corden et al., Phys. Lett. B68 (1977) 96; Phys. Lett. B96 (1980) 411; Phys. Lett.
B98 (1981) 220.
[67℄ C.E. Carlson and R. Suaya, Phys. Rev. D18 (1978) 760.
[68℄ V. Ravindran, J. Smith and W.L. van Neerven, Nul. Phys. B665, 325, (2003).
[69℄ W. Van Neerven and A. Vogt, Nul.Phys. B 603, 42, (2001); Nul.Phys. B 588, 345,
(2000).
[70℄ S. Catani, D. de Florian, M. Grazzini and P. Nason, JHEP 07, 028 (2003).
[71℄ R.V. Harlander and W.B. Kilgore, Phys. Rev. Lett. 88, 201801 (2002).
[72℄ C. Anastasiou and K. Melnikov, Nul. Phys. B 646, 220 (2002).
[73℄ S. Dawson, hep-ph/9411325. Published in Boulder TASI 1994:0445-506
(QCD161:T45:1994).
[74℄ K. G. Chetyrkin, Bernd A. Kniehl and M. Steinhauser, Nul. Phys. B 510, 61 (1998).
[75℄ V. Ravindran , J. Smith, W.L. Van Neerven, Nul.Phys.B 704, 332, (2005)
[76℄ M. Krämer, E. Laenen and M. Spira, Nul. Phys. B 511, 523 (1998).
[77℄ K.G. Chetyrkin, B.A. Kniehl, M. Steinhauser and W.A. Bardeen, Nul. Phys. B 535,3
(1998).
[78℄ W. Giele et al hep-ph/0204316
[79℄ A. Cafarella, C Corianò and M. Guzzi, Nul. Phys. B 748:253, (2006).
[80℄ T. Gehrmann, E. Remiddi, Comput. Phys. Commun. 141, 296, (2001)
[81℄ E. Remiddi, J.A.M. Vermaseren, Int. J. Mod. Phys. A 15 725, (2000)
[82℄ O. V. Tarasov, A.A. Vladimirov and A. Yu. Zharkov, Phys. Lett. B 93, 429 (1980).
[83℄ S.A. Larin and J. Vermaseren, Phys. Lett. B 303, 334 (1993) .
[84℄ T. van Ritbergen, J.A.M. Vermaseren and S.A. Larin, Phys. Lett. B 400, 153 (1997).
[85℄ M. Buza, Y. Matiounine, J. Smith and W.L. van Neerven, Eur. Phys. J. C1, 301 (1998).
Chapter 6. Leading Twist Amplitudes for Exlusive Neutrino Interations 201
[86℄ A. Chuvakin and J. Smith, Comput. Phys. Commun. 143, 257-286 (2002).
[87℄ A. Cafarella, C. Corianò, M. Guzzi, J. Smith, Eur. Phys. J. C 47:703, (2006).
[88℄ A.D. Martin, R.G. Roberts, W.J. Stirling and R.S. Thorne, Eur.Phys.J.C 23 (2002) 73;
Phys.Lett.B531 (2002) 216.
[89℄ S.I. Alekhin, Phys.Rev.D 68 (2003) 014002.
[90℄ A.D. Martin, R.G. Roberts, W.J. Stirling and R.S. Thorne, Eur.Phys.J.C 28 455, (2003).
[91℄ S. Moh and A. Vogt, Higher order soft orretions to lepton pair prodution and Higgs
boson prodution, published in Phys. Lett. B 631:48, (2005)
[92℄ V. Ravindran, J. Smith, W.L. van Neerven, hep-ph/0608308; V. Ravindran, Nul. Phys. B
746:58, (2006); V. Ravindran, Nul. Phys. B 752:173,(2006); A. Idilbi, X.Ji and F. Yuan,
hep-ph/0605068; V. Ravindran, J. Smith, W.L. van Neerven hep-ph/0608308, to appear
in Nulear Physis B.
[93℄ E. Laenen and L. Magnea, Phys. Lett. B 632:270, (2006)
[94℄ A. Idilbi, X. Ji, J-P. Ma and F. Yuan, Phys. Rev. D 73:077501, (2006)
[95℄ C. Anastasiou, K. Melnikov and F. Petriello, Phys.Rev. D 72:097302, (2005).
[96℄ K. Winter, Neutrino Physis, 2nd ed. Cambridge Univ. Press, Cambridge 2000.
[97℄ J.G. Morn, M. Sakuda, Y, Suzuki, (ed.) Pro. of the 1st Workshop on Neutrino-Nuleus
interations in the Few GeV Region (Nuint01), Nul. Phys. B, Pro. Suppl. 112, (2002).
[98℄ F. Cavanna, C. Keppel, P. Lipari, M. Sakuda (ed.), Proeedings of the Intl. Workshop
on Neutrino Nuleus interations in the Few GeV Region (NuInt04), Nul. Phys. B, Pro.
Suppl. 139, (2005).
[99℄ R. Gandhi, C. Quigg, M.H. Reno ad I. Sarevi, Phys. Rev. D58:093009, (1998).
[100℄ X. Ji, Phys. Rev. D 55 7114 (1997)
[101℄ A. V. Radyushkin, Phys. Rev. D 56, 5524 (1997)
[102℄ A. V. Radyushkin, Phys. Rev. D 59 014030 (1999)
[103℄ J. Blümlein, B. Geyer, D. Robashik, Phys. Rev. D 65 054029 (2002)
[104℄ A.V. Radyushkin and C. Weiss, Phys. Rev. D 63, 114012, (2001)
[105℄ M. Penttinen, M.V. Polyakov, A.G. Shuvaev, M. Strikman, Phys.Lett. B491 96 (2000)
[106℄ J. C. Collins and A. Freund, Phys.Rev.D 59 074009, (1999)
[107℄ A. V. Belitsky, D. Muller, L. Niedermeier, A. Shäfer Nul. Phys. B 593: 289-310 (2001)
202 Bibliography
[108℄ I. V. Musatov and A. V. Radyushkin, Phys. Rev. D 61 074027 (2000)
[109℄ K.J. Gole-Biernat and A.D. Martin Phys. Rev. D 59 014029, (1999)
[110℄ A. Freund and M. MDermott, Eur. Phys. J. C 23 651-674 (2002)
[111℄ K.J. Gole-Biernat, A.D. Martin and M.G. Ryskin, Nul. Phys. Pro. Suppl. 79: 365-367
(1999)
[112℄ A. Freund, M. MDermott and M. Strikman Phys. Rev. D 67, 036001 (2003).
[113℄ M. Vanderhaeghen and P.A.M. Guihon, Phys. Rev. D 60 094017 (1999)
[114℄ M. Gluk, E. Reya, A. Vogt, Eur. Phys. J. C 5 461-470 (1998)
[115℄ X. Ji, Nul. Phys. Pro. Suppl. 119: 41-49 (2003)
[116℄ L. Mankiewiz, G. Piller, A.V. Radyushkin, Eur. Phys. J. C 10 307 (1999)
[117℄ L. L. Frankfurt, P. V. Pobylitsa, M. V. Polyakov, M. Strikman, Phys.Rev. D 60 0140010
(1999)
[118℄ L. Mankiewiz, G. Piller, T. Weigl Eur. Phys. J. C 5 (1998)
[119℄ A. Freund and M. MDermott, Phys. Rev. D 65 074008 (2002)
[120℄ E. A. Pashos and A. Kartavtsev, hep-ph/0309148.
[121℄ C. Corianò, M. Guzzi and J.D. Vergados, in preparation.
[122℄ P. Amore, C. Corianò and M. Guzzi, JHEP 0502: 038, (2005)
[123℄ M. Lazar, hep-ph/0308049 Ph.D. Thesis.
[124℄ J.Blümlein and D.Robashik Nu. Phys B 581 449 473 (2000)
[125℄ J.Blümlein, B. Geyer, M. Lazar and D.Robashik, Nul. Phys. Pro.Suppl. 89 155-161
(2000)
[126℄ J.Eilers, B.Geyer and M.Lazar, Phys.Rev.D 69 034015 (2004)
[127℄ X. Ji, J. Phys. G 24: 1181-1205 (1998)
[128℄ J. Blümlein and N. Kohelev, Nul. Phys. B 498: 285, (1997)
[129℄ A. V. Belitsky, D. Müller, L. Niedermeier, A. Shäfer, Nul. Phys. B 546 279 (1999)
[130℄ A. V. Belitsky, D. Müller, L. Niedermeier, A. Shäfer, Phys. Lett. B 437 160 (1998)
[131℄ A. V. Belitsky, B. Geyer, D. Müller, A. Shäfer, Phys. Lett. B 421 312 (1998)
[132℄ M.V. Polyakov and C.Weiss Phys. Rev D 60 114017 (1999)
Chapter 6. Leading Twist Amplitudes for Exlusive Neutrino Interations 203
[133℄ D. Robashik and J.Horejsi, Fortsh. Phys. 42: 101 (1994)
[134℄ C. Corianò and M. Guzzi Phys. Rev. D 71: 053002, (2005)
